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1 Introduction

As it is well-known, abstract interpolation theory has its roots on interpo-
lation theorems for bounded operators between L, spaces due to M. Riesz
and Thorin, and to Marcinkiewicz. It was established in the early 1960s with
the work of J.-L. Lions, Peetre, A.P. Calderén, Gagliardo, S.G. Krein and
other authors. Since then it has attracted considerable interest in itself and
has found many important applications, not only in analysis but also in some
other areas of mathematics as one can see, for example, in the books by Butzer
and Berens [5], Bergh and Lofstrom [3], Triebel [24], Bennett and Sharpley
2], Brudnyi and Krugljak [4], Connes [14] and Amrein, Boutet de Monvel and
Georgescu [1].

The greater part of interpolation theory refers to couples of spaces and opera-
tors acting on couples but some problems in functional analysis have also led
to study interpolation spaces generated by three or more spaces, and even an
infinite family of spaces. The first contribution to this question can be found
in the paper by Foiag and J.-L. Lions [20] and then in the papers by Yoshikawa
[26], Favini [17], Sparr [23] and Fernandez [18], among others. The step from
two to more than two spaces bears a number of difficulties of combinatorial
and geometrical nature, to the effect that basic results in the classical theory
for couples are no longer true for finite families (N-tuples) of spaces.

We work here with the interpolation methods for N-tuples introduced by Pee-
tre and the first present author [13], and further developed in [12,8,11,16,10,19]
among other papers. These methods are defined by means of a convex polygon
IT in the plane R? and a point (o, 3) in the interior of IT. The spaces of the
N-tuple should be thought as sitting on the vertices of II. Using this picture,
one introduces K- and J-functionals with two parameters and then K- and
J-spaces by using an (a, #)-weighted L,-norm (see Section 2 for the proper
definitions). In the special case where II is equal to the simplex, we recover
(the first nontrivial case of) spaces studied by Yoshikawa and Sparr, and if II
coincides with the unit square, then we get spaces introduced by Fernandez.

Working with the multidimensional methods, an important question is to de-
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termine the spaces that come up by interpolation of concrete N-tuples. For this
task, since many natural N-tuples are formed by real interpolation spaces, it
turns out to be very useful to have reiteration results between the real method
and the methods associated to polygons. This question has been considered
in [9,16,7]. Let A = {A,..., Ay} be an N-tuple formed by Banach spaces A;
which are of class 6; with respect to a fixed Banach couple {X, Y} (precise def-
initions are given in Section 2). Reiteration formulae describe the interpolation
spaces generated by A in terms of sums and intersections of real interpolation
spaces generated by {X,Y}. Results established by Ericsson [16] require ex-
tra assumptions on the polygon II, which are stated by using four auxiliary
numbers 6,0, p, p and relations between them and the vertices of II, the 6,
and the point («, 3). Recently, in the limit case ¢ = oo for the K-method
and ¢ = 1 for the J-method, Cobos, Ferndndez-Cabrera and Martin [7] have
proved formulae which do not need any auxiliary assumption.

In the present paper we continue the research of [7] by showing that if («, )
does not lie in any diagonal of I then the reiteration formulae hold for any
1 < ¢ < oo without any extra condition on the polygon. Moreover, we show
by counterexamples that if (o, 3) lies on a diagonal then the known results for
(00, K)- and (1, J)-methods fail in general for other values of gq.

The approach we follow is different from that in [7] which is based on special
features of ¢1- and /,.-norms. Our strategy is to establish several geometrical
and algebraic results that allow to apply some ideas developed by Ericsson
[16] without requiring any extra condition on the polygon.

The paper is organized as follows. In Section 2 we review some basic results on
K- and J-spaces defined by polygons. In Section 3 we establish the reiteration
formulae and we write down some concrete cases for Lorentz function spaces
and Besov spaces. Finally, Section 4 contains the counterexamples for the case
when («, (3) lies on a diagonal.

2 Preliminaries

By a Banach N-tuple we mean a family A = {A, ..., Ay} of N Banach spaces
A; which are continuously embedded in a common Hausdorff topological vec-
tor space. When N = 2 we simply call {4, As} a Banach couple.

Let II = P --- Py be a convex polygon in the plane R?, with vertices P; =
(x,y;). Given the Banach N-tuple A, each space A; should be thought of as

sitting on the vertex P;. For t,s > 0 and a € X(A) = A; + ... + Ay we define



the K-functional by
- N N
K(t,s;a0) = K(t,s;0; A) = inf{Zt%yjllajHAj ra=)a;, a€ Aj}~
j=1 j=1
For a € A(A) = A; N ...N Ay, the J-functional is given by
J(t,s;a) = J(t,s;a; A) = max{t“s¥|lalls, : 1<j<N}.

Given any interior point (a, 3) of Il [(a,8) € Int I1] and any 1 < ¢ < oo,
the K-space A(ap)qx is defined as the collection of all elements a € 3(A) for
which the norm

. dt ds
||a||g(a,m,q;K—(/ / K (s a))! )

is finite (the integral must be replaced by the supremum if ¢ = 00).
The J-space A(q,p)q.s consists of all those a € X(A) which can be represented

a://v(t,s)d?

t ds
s
0 0 B
with a strongly measurable A(A)-valued function v satisfying

<//t— 311, s 0(t, )] ds) <0, (2.2)

t S

(convergence in Y(A)) (2.1)

The norm in A(a7ﬁ)7q;J is given by

||CL||A(M3) J 1nf{(//t— “BJ(t, s;0(t, 5))]° Cit cis) }

where the infimum is taken over all v satisfying (2.1) and (2.2) (see [27] for
properties of the Bochner-integral).

These spaces were introduced by Cobos and Peetre [13]. In the special case
where II is equal to the simplex {(0,0), (1,0),(0,1)} we get

3
K(t,s;a) = inf{{larlla, +tllazlla, + sllasllay = a=Da;, a; € Aj}

and we recover (the first nontrivial case of) spaces investigated by Sparr [23].
When II is the unit square {(0,0), (1,0),(0,1),(1,1)} then

4
K(t,s;a) = inf{|laslla, +tlazlla, +sllasllas +tsllaslla, = a=Da;, a; € A}
j=1



and we obtain spaces studied by Fernandez [18].

Given any Banach couple {X,Y}, the real interpolation space (X,Y )y, can
be described in a similar way, but by replacing the polygon by the segment
0, 1], the point («, 3) by 6 € (0,1) and by imagining that X is sitting on 0
and Y on 1. We denote the relevant functionals by

K(t,a)=K(t,a; X,Y) =inf{||z||x + t|ylly ra=2+y, z€ X, yeY}

and

J(t,a) = J(t, a; X,Y) = max{]|al|x, t[|a]ly} -

Note that K(1,-) and J(1,) coincide with the canonical norms on X +Y and
XNY, respectively. For the real method it is well-known that K- and J-spaces
coincide with equivalence of norms, i.e.

(Xa Y)G,q

Y. dt\ /e
{ae X4yl = ( [IREarT) " < o)
0

:%€X+Y:azfﬂﬂ%wM(TWﬁ@MmP%fm<m}

(see [3,24]). However, working with N-tuples (N > 3), K- and J-spaces do
not agree in general. We only have A, )40 — A(a,8).q:x (see [13]), where —
means continuous inclusion.

The following property of invariance under affine bijections is shown in [12,
Remark 4.1]: If R is any affine bijection of R? then the K- and the J-space
defined by means of IT and («, 3) coincide (with equivalence of norms) with
those defined by R(II) = RP, --- RPy and the point R(a, 3).

The location of («, ) in Il will play an important role in our later considera-
tions. Let P, ) be the collection of all triples {i, k, 7} such that (o, 3) belongs
to the triangle with vertices P, Py, P, (see Figure 2.1). We allow that («, 3)
lies in any of the edges of this triangle.



Figure 2.1

Given any {i,k,r} € P,p we write (¢, c,¢,) for the unique barycentric
coordinates of (a, 3) with respect to P;, Py, P,. So,

(o, ) =P+ cexPe+ ¢ P, c+ce+c.=1.

Let { X, Y} be a Banach couple and let Z be a Banach space such that XNY —
Z — X +Y.For0<6 <1, wesay that Z is of class C(0; X,Y) if there is a
constant ¢ > 0 such that

K(t,a) < ct’|a||z forall a€Z (2.3)

and
lallz < ct™J(t,a) forall a€ XNY. (2.4)

It is clear that X is of class C(0; X,Y) and Y is of class C(1; X,Y). When
0 < 6 < 1, conditions (2.3) and (2.4) can be formulated by the inclusions

(X,Y)o1 = Z — (X,Y)poo (see [3,24]).

Let A = {A,..., Ay} be a Banach N-tuple. For each {i, k,7} € P(a,p) such
that («, ) belongs to the interior of the triangle Ay, = P;PyFP,, we put
Ay = {A;, A, A} and we write K, J for K- and J-functionals defined by
means of A;z,.. Clearly,

K(t,s;a; A) Sf((t,s;a;flikr) , a€ A+ AL+ A,

and ) )
J(t,s;a; Air) < J(t, 830, A) , a€ A(A).

Hence,

A(a,,@),q;J - (AZ? Ak’ AT)(O[,IB),[];J - (A“ Ak’ AT)(O[,,B),[];K - A(a,,@),q;K : (25>



Suppose now, in addition, that each A; is of class C(6;; X,Y), 0 < 6, < 1,
1<j<N. Let

Hikr = cZ-HZ- + ckﬁk + CTHT.

It is shown in [16, Corollary 4] or [7, (2.9)] that if 6;, 0, 6, are not all equal
then we have with equivalence of norms

(Ai’ Ak> AT’)(Oc,ﬁ),mJ = (Aw Ak> AT’)(Oc,ﬁ)#EK = (Xa Y)eikr-vq : (26)

We close this section with a remark concerning notation. Subsequently, given
two quantities or two real-valued functions f, g we write f < g whenever there
is a constant ¢ > 0 such that f(z) < cg(z) for all z. If f < gand g < f we

put f ~g.

3 The reiteration results

In this section we establish the reiteration formulae between the real method
and the methods associated to polygons. We start by proving several geomet-
rical and algebraic results that will allow to apply some ideas developed in
[16] to polygons in a much more general setting.

Definition 3.1 Let Il = P, --- Py be a convex polygon with P; = (x;,y;), let
(a,3) € Int 11 and let P gy be the set introduced in Section 2. Let further
{01,...,0n5} be a family of N numbers with 0 < 6; < 1 such that for each
{i,k,r} € P, where (o, 3) € Int PP, P,, the values 6;,0,0, are not all
equal. If (o, 3) € PPy, we assume that 0; # 0. For {i,k,r} € Pp) let
Oirr = ¢i0; + 1Oy + ¢,.0, be the number introduced above and define 0 < 9_,5 <1
by

0 = min{0;, : {i,k, 7} € Papt 0 = max{@ix, : {i,k,7} € Plap)}-

Definition 3.2 Under the assumptions of Definition 3.1, two affine functions
f,g:R? = R are said to be admissible if f satisfies

flzjy) <0; for 1<j<N and f(a,8)=0,
and g satisfies
9(jy5) 2 0; for 1<j<N and gla,0)=0.

Lemma 3.3 Under the assumptions of Definition 3.1, there exists a pair of
non-constant admissible functions f and g.



Proof. Let Pj = (xj,y;,0;) for 1 < j < N and let II be the convex hull
of Pl, ..., Py. Then II is a convex polyhedron in R?® whose projection onto
the first two coordinates is II. The polyhedron IT does not necessarily have
inner points. The vertical line [, gy = {(«, 3, 2) : 2 € R} intersects IT in a line
segment, that may be degenerated into a single point.

Let (a, 3,%) be the lower end-point of /(4 g N I1. We pick a face F of II that
contains (o, 3,z). (There are two possible choices if («, 3, z) belongs to an
edge of I1. If II has no inner points, we put F = ﬂ) The plane 7 determined
by F supports II in the sense that II is contained in the half-space 7% =
{(z,y,z+w) : (z,y,2) € T, w> 0}. We interpret 7 as the graph of an affine
functional f :R? — R and shall show that f satisfies our claim.

We have f(z;,y;) <#6; for 1 < j < N, because

A

(xjvijej) :Pj €ﬁ§ﬁ+={(x,y,f(x,y)+w):x,yeR, w 20}

The face F' contains («, 3, 2) and has its vertices in {pl, c PN} Hence there
exist three vertices ]5]-, B, P, of F such that (o, B, Z) belongs to the convex hull
Aﬂs of Pj,f%, P,. Then, by projection, (o, §) € Ajis; that is, {4, 1, s} € Plag)-
Hence f(z;,y;) = 0;, f(x,y) = 0;, and f(zs,ys) = 65 do not all agree. This
shows that f is not constant.

Let (cj, ¢, ¢s) be the barycentric coordinates of (o, ) with respect to the
vertices of the triangle Aj;, . Then

f(a76> :f(cjpj + le)l + CsPs) = ij(Pj) + le(Pl) + Csf(Ps)
:Cjej + Clel + 6598 = 9]'15 2 é

On the other hand, by the definition of 0, there exist {i, k,r} € P(a,p) such that
0 = O;1,. Using the barycentric coordinates (¢;, ¢k, ¢,.) of (a, ) with respect to
the triangle A;x,, we obtain

flo, B)=f(ciP, + e Py + . P) = ci f (P) + e f(Pr) + e f(Fr)
< cZ-HZ- + ckﬁk + CTHT = 9ikr = 9_

This completes the proof of f(«, 3) = 6. Hence f is admissible.

A similar construction, based on the upper end-point of /(4 g N ﬁ, gives g. O



Now let two non-constant admissible functions f, g be fixed. There exist real
numbers 71, Y, V3, f1, {2, pt3 such that

fl,y)=me+yy+vs , g9@y) =+ py + us.

Take any affine bijection R of type

() zal "]+ ]¢

) Y n

and let [I' = R(Il) = P/ --- Py and (¢/, ') = R(a, B).

Lemma 3.4 With notation introduced above, we have
(a) f' = foR™ and ¢ = go R~ are admissible functions for I and (o, 3').
Let f'(z,y) = Y1z + 1oy + 3 and ¢'(z,y) = pmyx + pyy + ps. Then

(b)

7{% _ Y1 V2 A and %/1, _ V3 B Y1 Y2 A §

[y M M1 2 14 3 M1 2 n

Proof. The barycentric coordinates of (a,3) with respect to the triangle
PPy P, coincide with the barycentric coordinates of (’, 3') with respect to
the triangle P/P/P!. Therefore, the number 6 is the same for both polygons

and the same happens for 0. Hence,
f'f=foR™' and ¢ =goR!

are admissible functions for II" and (¢, 3’). Moreover,

f(z,y) _ Y1 72 A r—¢§ n V3

q'(z,y) pa e y—n 13

which yields (b) and finishes the proof. O
Lemma 3.5 There exists an affine bijection R such that
(i) iy = py =1,

(i4) 71,75 >0 ory;p = 75, <0,
(iii)y;»ZOforlgjgN.



Proof. Since both of the functions f and g are non-constant, the vectors
(71,72) and (p1, p12) are non-zero. Hence,

A = rank L >1.

1 o

If A =1 there is a regular matrix B with

1
B i and B e with v # 0.

fho 1 Vo v

Lj .
=A , j=1,..N.
Yj Yj
With yo = min{yy, ..., yn} we define the affine bijection R via

T x 0

Yy Yy Yo

and obtain immediately (iii). To see (i) and (ii) we apply Lemma 3.4/(b) and
obtain

N _ [ g 77
11 Ho fia i 11
If A =2 we simply put
-1
B— 11 M1 71 7
12 M2 72

and proceed as above to derive that v; = 1,7, = 2,y = py = 1 and y; > 0
for 1 < 5 < N. This finishes the proof. O

We are now ready to establish the main result of this section. It shows that if
an N-tuple is formed by spaces of class C(6;; X,Y) then the spaces associated
to a polygon can be compared with sums and intersections of real interpolation
spaces.

Theorem 3.6 Let Il = P --- Py be a convex polygon with P; = (z;,y;) and
let (o, ) € Int1l. Suppose that {X,Y} is a Banach couple and that A =

10



{A1, ..., Ax} is a Banach N-tuple formed by spaces A; of class C(0;; X,Y') with
0<0; <1,j=1,...,N. Assume also that for each {i,k,r} € P(a,p3), where
(o, B) € Int BiP,P,, the numbers 0;, 0,0, are not all equal. If (o, 3) € PP
we assume that 6; # 0. Then for any 1 < g < oo we have the embeddings

()

Ao grae = (X, Y)gq + (X, Y);

0,
(iz) _
(X, Y)g, N (X, Y)§7q = Alap) g7

where 0 < 0,0 < 1 are gwen in Definition 3.1.

Proof. Let us apply Lemma 3.3 to find admissible functions

fle,y) =mx+vny+v , 9(x,y) = mx + oy + p13.

According to Lemma 3.5 and the invariance under affine bijections, we can
assume without restriction that we have y; > 0 for j =1,..., N, i1 = po =1
and either

(Case A) 71,72 >0or
(Case B) 71 =9 =v<0.

Now we shall modify the arguments in [16, Lemma 2] to prove the embeddings

n (i) and (ii). We start with some estimates for K- and J-functionals. Consider
first the Case A. Let s > t and 0 < t < 1. Since f(z;,y;) < 0; and A; is of
class C(6;; X,Y) (see, in particular, (2.3)), for a € X(A) we obtain

N
i agla, c a=> a;, a; € Aj}
=1

NE

K(t"™,s7%;a) =inf

<.
Il
-

inf

L
L
i
i
{

NE

t71wj+“/2yy S/t)wy]HCL HA }

<.
Il
—

M=

| \/

tf(xj i) V3||a ||A }

<.
Il
-

Mz

| \/

t@] “fSHa ||Aj}

<.
Il
-

2\/

Mz

K (t aj)}
,a). (3.1)

A similar calculation gives (3.1) for 0 < s <t <1 in Case B.

|\/
S+~ =

11



In both cases, using that g(x;,v;) = x; +y; + s > 0;, for s > ¢ > 1 we obtain
analogously

K(t,s;a) 2t K(t,a). (3.2)

Let us turn to estimates for J-functionals. In Case A, using (2.4), we obtain
fort>1,0<s<tandue XNY

JH, 7 0) :max{tf(xj,yj)—%(S/t)vzyj||u||Aj 1 <j <N}
<max{tf(mf’yf)‘”’3||u||A 1< < N}
St max{t/ )0 J(t ) 0 1< j < N}
<t BJ(t,u). (3.3)

A similar calculation gives (3.3) for ¢ > 1 and s > ¢ in Case B.
In both cases, since g(z;,y;) = z; +y; +p3 > 0;, for 0 < s <t <1 we get
J(t,s;u) St J(t u). (3.4)

To prove the embedding (i) we start with a € A, g) 4. By change of variable
we get

T ds dt
~ —mna =720 Mo o2. 4\ 2227
lalls . O/O/[t SR s a) ST (35)
In Case A, using (3.5) and (3.1), we obtain
1 2t
ds dt
—mo—72P o2 4\ 2222
lal, o 2 O/t/[t SR a2
12t
Z//[t mag=20y 'YSK( )] %%
0t
1 2t
/[t nap— “/SK(t a)] (/S—’mﬁq @) @
/ J s/t
i dt
N/[t—f(aﬁ)R'(t a)]q7
0
o dt
= [IR(ta) (3.6)
0

12



In Case B we start with

1 t
q > Mo =720 ToGV2. -
" S
0 t/2

and end up with (3.6) as well.

Furthermore, since 1 = g = 1 and (3.2), in both cases we derive

7 ds dt
q —a.—f q 27"
lally. .= [ [ K s 0 28
1 t
2 [l K ()
1
T dt
— / IR (3.7)
1

Using inequalities (3.6) and (3.7) and Holmstedt’s formula (see [3, Theorem
3.6.1] or [2, Theorem 5.2.1]) we see that a € (X,Y)g,+(X,Y); , and we derive
embedding (i).

Next we proceed with the embedding (ii). Take any a € (X,Y )5, N (X,Y);.
According to the fundamental lemma (see [3, Lemma 3.3.2]), there is a repre-
sentation of a = [;° u(t) dt/t such that for all 0 <t < oo

J(t,u(t)) < K(t,a). (3.8)

In Case A we define the function v : (0,00) x (0,00) — X NY by

u(t) if 0<t<1 and t/e<s<t
o(t, s) = vwz u(t/1)if 1 <t <ooand /7 /e < st/ <tt/m
0 otherwise .

Then

13



0o 00 1 o 00 00
ds dt ds dt ds dt
//v(t, s)—S—Z//v( ,8)—87 +//7172U(t71>572)—$7
0 0 0 0 1 0
1t co t
dsdt ds dt
=[ [ TT+ [ [a0TF
0 t/e 1 t/e
T dt
:/u(t)T =a
0
We obtain by using (3.3)
. T . dt
Ji 0Tt S = [l T u@)e S
1 1
T ds dt
Z//[t_')’la —wﬁj(tm’sw u(t))]q _7
1 t/e iy
TT ds dt
~ / /[t—wms—wzﬁj(tw’ §72: U(t')/l’ S'yz))]q ?‘97
10
TT ds dt
~ / / s =0I(t, 5;0(t, s))]q—s? (3.9)
10 5
Similarly, we estimate by using (3.4)
P dt _ [T ds dt
Ju a2 [ [iees s S5 (3.10)
0 00 5
Finally, (3.8), (3.9) and (3.10) yield
;o dt ) - dt
A, ~/’9Kt@ +/’9Kt@]t
b dt
Z/[ t=0J(t, u(t) +/ 7 (3.11)
0
TT ds dt
sTPJ(t,
2 [ JlEes s ) T
0 0

which proves (ii) in Case A.

14



For Case B we modify the definition of v(¢, s) as follows

u(t) if 0<t<1 and t/e* <s<t/e
vt s) = § —2u(t/7)if 0 <t <1 and /7 < V7 < e
0 otherwise .

Again, we have

77’@ dsdt // @@__// p dsdt
0 0

0 t/e? 0 t/e
1 1
dt 1 dt
:/“>7“/“W”t
0 7
T dt
:/u(t) S =a
0

Using (3.3) we obtain

i

dt
tva 8- %Jtu())] 7

\8

1

oo te™

N / t ’YOCS—’YﬁJ(t’Y’S’Y;u(t))]q @@
s t
sete ds dt
N/ / t Yo —vﬁj(tv s7; (t'Y 87))] SS .
N//MWVWW@Mﬂﬁwé%
1 tv/e 5
N//t‘ B8, 50t 5))]° d”it (3.12)
0 t/e §
With the aid of (3.4) we get similarly
. i+ ds dt
[t g e S 2 [ [1es s o) (3.13)
, t b o st

The same computations as done in (3.11) but using now (3.12) and (3.13)
yield (ii) in Case B. The proof is complete. O

15



Next we derive the reiteration result. We require a stronger assumption than
in Theorem 3.6. Namely, («, 3) must not lie in any diagonal of II. As we shall
show in the next section, that assumption is essential for the result.

Theorem 3.7 Let Il = P, --- Py be a convex polygon with P; = (x;,y;) and
let (o, B) € Int 11 such that (o, B) does not lie in any dzagonal of I. Suppose
that {X,Y} is a Banach couple and that A = {A, ..., Ay} is a Banach N-
tuple formed by spaces A; of class C(8;; X,Y) with 0 < 6; <1, j=1,...,N.
Assume also that for each {i,k,r} € P(a,p) the numbers 0;,0,0, are not all
equal. Then, for any 1 < q < 0o, we have with equivalent norms

(i)

A prax = (X,Y)g,+ (X, Y); (3.14)

0,
(i) )
A(Q,IB)JI;J = (Xv Y)é,q N (X7 Y)ég 9 (315)

where 0 < é,é < 1 are defined in Definition 3.1.

Proof. It follows from (2.5) and (2.6) that
A(a,ﬁ),q;] - (Xv Y)@q N (Xv Y)é,q

and B
(X, Y)gq + (X, Y)s, = Awp)ar -

The converse inclusions follow by Theorem 3.6. O

Remark 3.8 Applying Theorem 3.7 to 11 equal to the unit square we get an
improvement of [7, Theorem 3.1] by relaxing the conditions on 61,04, 05, 0,.

Next, we write down two concrete applications of Theorem 3.7. Let (€, 1) be
a o-finite measure space. For 1 < p < oo and 1 < ¢ < oo, the Lorentz function
space L, , consists of all (equivalence classes of) measurable functions f on (2
which have a finite norm

w()

1fllz,, = ( / [tl/p 1/tf* }‘1 alt)l/q7
0 0

(with the usual modification if ¢ = co) where f* stands for the non-increasing
rearrangement of f

fi(s) =inf{y >0 : p({r € Q: |f(z)] >}) < s}

Since (Loo, L1)g,g = Lypq for 1/p = 6 (see [2,3,24]), according to Theorem 3.7
we obtain the following.
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Corollary 3.9 Let Il = P,--- Py be a convex polygon with P; = (x;,vy;)
and let (o, B) € Int 1l such that (o, 3) does not lie in any dmgonal of 1I.
Assume that 1 < p; < oo, 1 < ¢q;,q < o0, j = 1,...,N, such that for each
{i,k,r} € Pup) the numbers p;, pr, pr are not all equal. We put

]-/pzkr - Cz/pz + Ck/pk + Cr/pr ) {7’7 k? T} S 7D(oa,ﬁ)

where (¢;, ¢, ¢;) are the barycentric coordinates of (c, 3) with respect to P;, Py, P,.
Let

1/p = min{1/pu, : {i,k,r} € Pap}, 1/p=max{1/pppr : {i,k,7} € Plag)}-

Then we have, with equivalent norms,

(Lp1,q17 ey LPNy‘]N)(avﬁ)va = Lﬁq + Lﬁ,q

and
(Lpl,qlv ey LPN#]N)(Q“B),[];J = Lﬁ,q N Lﬁ,q .

Next, we consider Besov spaces. Let S(RY) and &' (R¢) be the Schwartz space of
all rapidly decreasing complex-valued infinitely differentiable functions on R,
and the space of tempered distributions on R?, respectively. For f € S'(R?),
we denote by f the Fourier transform and by f the inverse Fourier transform.
Let ¢ be a C*(R)-function with

Lif [|z]|ge <1
wo(r) =

0 if ||]|pa > 2.

For j € N, we put ;(z) = ¢o(277x) — po(277 ).

Let 1 <p < oo, 1< q<o00ands R The Besov space B, , = B;q(Rd) is
formed by all f € &'(R?) having a finite norm

. 1/q
s, = (20T )

(see [24,25]). If 59 < s1, then By — B¢, Moreover, if —oo < sy # s1 < o0,
0<0<1,s=(1—0)sy+ 0Os1, 1 <p<ooand1<q0,q1,q<oo then

(Bzoqw B;1q1> = B;,q'

Hence, as a direct consequence of Theorem 3.7 we derive the following.

Corollary 3.10 Let 1 = P, --- Py be a convex polygon with P; = (z;,y;) and
let (a0, B) € Int 11 such that (o, B) does not lie in any dzagonal of I1. Suppose
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that 1 < p < o0, 1 <gqj,q < 00,—00 < 5; <00, =1,...,N, such that for
each {i,k,r} € P p) the numbers s;, s, s, are not all equal. We put

Sikr = CiSi + CpSk + 5, {i k1) € Plag)

where (¢;, ¢, ¢;) are the barycentric coordinates of (c, 3) with respect to P;, Py, P,.
Let

s =min{sy, : {i,k,r} € Puag} , §=max{sy : {i,k,r} €Pugl.
Then we have with equivalent norms
(Byigu -+ B @sax = By

and
(381 '“’B;ZN)(OHB)#Z;J =B,

p,q1? p,q -

4 Counterexamples

Suppose now that («, 3) lies in any diagonal of II, say P; P (see Figure 4.1).

Figure 4.1

Then for any triangle P,P, P, we have {i,k,r} € P(a,3 but now («, 3) is not
in the interior of PP, P,. As a consequence, see [10, Lemma 1.1], if ¢ < o0
then (A;, Ar, Ay)(,8),¢:x = {0}, and (2.6) fails in this case. However, for the
K-method with ¢ = oo and the J-method with ¢ = 1, it has been shown by
Cobos, Fernandez-Cabrera and Martin in [7, Theorem 4.1] that the conclusion
of Theorem 3.7 is still valid under the assumptions of Theorem 3.6. We consider
now the other cases. By means of examples, we shall show that embeddings

(X,Y )5+ (X, V)5, = Aap)asi (4.1)
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and
A(avﬁ)vtﬂj — (X7 Y)G_,q m (X7 Y)éﬂ (42)

may not hold. Hence, Theorem 3.7 fails in general if 1 < ¢ < oo and (a, (3) is
in any diagonal.

Counterexample 4.1 Take any 1 < ¢ < oo and assume that II is the unit
square IT = (0,0)(1,0)(0,1)(1, 1). Consider the interior point («, o) with 1/2 <
a < 1, and take the 4-tuple { X, X, X, Y}, where X, Y are Banach spaces with
X — Y (see Figure 4.2). Hence, 0; = 0y = 03 =0 and 0, = 1.

X Y

Figure 4.2

For any {i,k,7} € P(q,a) the numbers 0;, 0y, 0, are not all equal. Moreover,
Ql # 04. Since 0194 = 0131 = a and bOy3y = 2a0 — 1, we have § = 2o — 1 and
0 = a. Assumption X — Y implies that (X,Y)s, — (X,Y) . Therefore

(X> Y)G_,q + (Xa Y)é,q = (X> Y)a#l :
To determine the space (X, X, X,Y)(,a),¢x We put

dt ds
o —a PN B =
wi= [l Ktsalr T5 . j =123,

Q;

and define wj} similarly. Here €2; and €0} are the sets described in Figure 4.3.
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2
/
1
Q)
Q| %
1 t
Figure 4.3

We have

3
lall{ (XX, X,Y ) (00 i Z_: Wi +W
One can estimate each of those integrals by using that

st

K(t,s;a) = min{L,1, SW(M’

a), acy.

For w; we get

/ dt
~ [ R @) S
0
~ % /t‘aK (t,a)]
1
For ws we derive
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dt ds
t S

w3

Jitesr st

S

7[10_0‘[_((10, a))? dw ds

w s

’—‘\8 ’—‘\8

s2

[w™*K (w, a)]?

fds dw
w
1

™ (log ) /K (w, )]s

2

’—‘\8 ’—‘\8

N/ *(1 +logw)"K (w, a)) OZJU

Due to the symmetry between (); and €2}, the remaining terms can be esti-
mated similarly. Consequently,

i N 1 dt\ 1/a
et ~ ([0 +Hlog) R @l T) T (43)

1

Now, consider [0, 1] with the usual Lebesgue measure and take X = L, and
Y = Li. Then (Loo, L1)agq = Lijayg- By interpolating the 4-tuple it follows

from (4.3) and the well-known equality K(t, f) = ¢t r f*(s)ds that

(LooaLooaLooaLl)(aa)qK
1 t
AL
{ (/{to‘11+|logt|l/q/f* ds} 7) <oo}.
0 0

The last space is the Lorentz-Zygmund function space Ljj,4(log L)/, (see
2,15]) . Clearly, Li/a,g € Li1/a,q(log L)1/4, so (4.1) fails in this case.

Counterexample 4.2 Take any 1 < ¢ < oo and the unit square Il =
(0,0)(1,0)(0,1)(1,1). Consider now the point («, @) with 0 < o < 1/2 and the
4-tuple {X,Y,Y,Y} where X — Y. Then we have ¢; = 0,0, = 03 = 0, = 1.
For any {i,k,7} € P(a,a) the numbers 6;, 0,0, are not all equal and 0; # 0,.
Since 0195 = 2 and 094 = 6134 = o, we obtain § = a,é = 2« and

(X> Y)G_,q N (Xa Y)ég = (X> Y)Oé,q
We are going to show that

(X7 Y)p,q - (X7 }/7 }/7 Y)(a,a),q;J ) (44)
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where p(t) = t*(1 + |logt|)¥?,1/q + 1/¢' = 1, and (X,Y),, is the J-space
with function parameter p, that is to say the collection of all those a € Y
for which there is a strongly measurable X-valued function w(t) such that

a = [ u(t)dt/t (convergence in Y) and ([{°[(1/p(t))J(t, u(t))]?dt/t)/1 < oo.
The norm is defined in the usual way

oo

||a]|(X7y)p’q:inf{<7[%t>J(t,u(t))] )1/q Ca= [ult) }

1

(See [21,22] for details on the real method with a function parameter; since
X <Y, we consider only integrals on (1, 00).)

Let a = [7° u(t) dt/t with

oo

([Tt oo $)" < 2lalen,,

We put
1+Ui(()§()ts) if 1/e <t <eand max{1/t,1} <s <e/t
v(t,s) = 21;;(();8@8 if ] <t <oo and max{e/t,1} <s <et
0 otherwise .

A change of variable for s yields

7T dsdt ww) dwdt [ uw) dwdt
[ [ // T g w 1
5 1+logw w t 1+logw w t
+2// u(w) d_wdt // u(w) dw dt
/) 1+logw w t 1+ logw w t

Changing the order of integration and combining the first two integrals as well
as the second two integrals we obtain

77’ ’ )@@_ rou(w) dtdw u(w) ]” dt dw
) RA t_l I+logw. 1+logw t w

w/e

22



Consequently,

1 e/t e e/t e et

o ds dt
s ysorromar < ([ [+ ] [+ ][+ / / Jites) =gt 500t ) =5
1 e/t e

1/el/t 11

In the domains of the last three integrals we have max{t, s, ts} = ts. Thus, we
get

1
1+ log(ts)
In the domain of the first integral we have t < ts < s < ets. Hence, we derive

J(t,s;v(t,s)) ~ J(ts,u(ts)).

1 - 1

J(t, s;0(t, 5)) ~ mj(s’“(ts)) ~ 1+ log(ts)

J(ts,u(ts)).

Using this estimate we obtain similar as above after a change of variable and
a change of the order of integration (again we combine the first two and the
last two integrals)

1 7 dt dw
q q__ - 000 _—
lall{x.y.yy )(sa)sasd ™ / w))] (1 +logw)? / tw
1 1/e
0o - 1 7 dt dw
« q -\
+/[w J(w, u(w))] (1 + log w) / t
e w/e
I dw
-~ q_
[ Gy Tt

This establishes (4.4). The converse embedding to (4.4) holds as well, but we
do not need it here.

Take now [0, 1] with the usual Lebesgue measure and put X = L., Y =
Ly. Then (Lo, L1)a,g = L1jaq- On the other hand, since X — Y and the
equivalence theorem holds for the function parameter p (see [21, Theorem
2.2]), we have for the Lorentz-Zygmund space L/ 4(log L)_1/4 that

Ll/a,q(log L)—l/q’

- {f; </1 [ta—lu 4 |1ogt|)—1/q’/f*(s) ds]q%>l/q < oo}

1/t

T , ¢ dt\ 1/
(1 + logt) M4 /f*(s) ds] 7) < oo}
0
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Hence,

Ll/a,q(log L)—l/q’ — (Looa Lla L1> Ll)(a,a),q;J

Since

Ll/a,q(log L)—l/q’ g Lijayg

it follows that (4.2) fails in this case.

We finish the paper by recalling that interpolation by the methods associated
to the unit square of the 4-tuple {X,Y,Y, X} with X — Y and («, ) in the
diagonals results in extrapolation spaces of the type (X, Y ), or (X,Y);, (see

[7,6]).
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