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1. Introduction

Many problems in real world applications involve functions depending on a large
number d of variables. It is well-known that numerical treatments of such problems
often suffer from the fact that the cost of an algorithm grows fast in d. See for in-
stance the recent monographs of Novak and Wozniakowski [1, 2]. One is interested
in finding suitable models and frameworks in order to restrict the bad influence of
the dimension d. A prominent model is to impose specific smoothness conditions on
the functions to be approximated. From the work of Korobov, Bakhvalov, Babenko
and Smolyak starting in the late 1950s it is known that the boundedness of certain
mixed derivatives of order d is a suitable assumption. We refer, e.g., to the mono-
graphs of Tikhomirov [3], Temlyakov [4] and Nikol’skij [5], to the recent survey of
Bungartz and Griebel [6], and to papers by Bazarkhanov [7-9], Dinh Zung [10],
Griebel [11], Oswald [12], Romanyuk [13-16] and [17-21] just to mention a few.
This paper continues the research in this direction. More precisely, we study the
approximation of functions belonging to a certain Besov or Sobolev space of mixed
smoothness by tensor product splines using exclusively function values on a grid
which is generated by a Smolyak algorithm (see Paragraph 4.1).

For m € N we define

G(m,d)" = {(2*]’114;1, 270 C[0,1) Gyt g < m} (1)

This set represents a sparse grid in [0,1]%, i.e., a grid, consisting of considerably
fewer sampling points than the full Cartesian product of the interval grids. Let N
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denote the normalized cardinal B-spline of order two, i.e.,

t if 0<t<1,
Nt)=S2-t if 1<t<2,
0 otherwise .

Our main result is the following. For any m € N there is a linear operator A,,,
defined on the class C([0, 1]%), that only involves function values on G(m,d)" of
its argument f. The approximant A,,f is a linear combination of functions of the
form

N@xy = k) oo N (20g — kg)

where 0 < k; < 2 4 = 1,....,d, and j; + ... + jg < m. The function A,,f
interpolates f, i.e.,

Apf(z) = f(x) for all z € G(m,d)".
For 1 <p < oo and 1/p < r < 2, the error norm behaves like
17— 4185, B((0, 1)) = L,((0, %) = m(@- DOV g=rm (g
Here I denotes the identity operator
1:85,B((0.1)% — L,((0,1)%)

and Sy, ,B((0, 1)%) is a Besov space of dominating mixed smoothness. The restric-
tion 7 > 1/p guarantees the embedding S}, B((0,1)?) — C(R?), which ensures
that our approximation procedure is well defined. This class of functions can also
be interpreted as a tensor product of univariate Besov spaces

Sy ,B((0,1)%) =B} (0,1)®, ... ®, By, (0,1), 1<p<oo,

in the sense of equivalent norms (see Paragraph A.2). Additionally, we give some
extensions to higher order splines in order to treat spaces with smoothness r > 2.
Furthermore, we consider interpolation on the entire R?.

Let M = M(m) =< 2™m® ! be the size of the grid G(m,d)", i.e., the number of
function values used by A,,. Then (2) can be rewritten as

17— A |8}, B0, 1)) — Ly((0, 1)) = M " (log M) D411/

Comparing our sequence of linear operators A,, to in order optimal linear approx-
imation, it turns out that

11— A5, B0, D) = Ly(0. DD [ (log MY@D2  :2<p< oo
art (S5, B0, )N, L0, ))) | (log M)E=D0-1/n) 1 < p <2

Here aps denotes the M-th approximation number (see Paragraph 6.3.1) of the
respective identity. For 1 < p < oo, it is an open question whether A,, realizes
the optimal error if we restrict the class of rank M linear operators to those which
exclusively use M functions values. The associated widths are sometimes called
sampling numbers, see Paragraph 6.3.2. If the answer were positive, then p = 2
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and r > 1/2 would yield an example of a pair of Hilbert spaces for which the
asymptotic behavior of the approximation numbers and the sampling numbers do
not coincide, a problem discussed recently in [22].

The paper is organized as follows. Section 2 is devoted to the study of interpola-
tion and sampling of univariate functions on R in a rather general framework. We
continue in Section 3 by collecting the consequences for the two examples we are
most interested in, namely spline interpolation and Whittaker’s cardinal series. In
Section 4, we discuss the associated Smolyak algorithms on R?, which are applied
to the examples in Section 5. Section 6 switches to the same problem for functions
on the cube (0,1)¢. We point out the consequences for the problem of optimal
recovery from function values. Finally, the Appendices A and B provide all the
necessary facts about tensor products of function spaces and spaces of dominating
mixed smoothness on R? and (0, 1)¢, respectively.

On the one hand, the paper represents a partial non-periodic analog of [19], on
the other hand, it is a continuation of [21]. In the periodic context the related
problems are part of classical approximation theory, see, e.g., the monograph [4].
It is connected to the problem of optimal recovery of functions and approximation
by harmonics with frequencies in the hyperbolic cross.

1.1. Notation

The symbols R, C, N, Ng and Z denote the real numbers, complex numbers, natural
numbers, natural numbers including 0, and the integers. The natural number d
is reserved for the dimension of the Euclidean space R? under consideration. The
Euclidean distance of x € R? to the origin is denoted by |z|2, whereas the £{-norm
is denoted by |z|1. We often need further vector-type quantities like multi-indices.
They are denoted by £, k,j and & with numbered components. For a multi-index
a we define the differential operator D by

pa olel
© Oz 025

The symbol F denotes the Fourier transform and F~! its inverse. We normalize
these transformations by

FHE) = / e f@)de, £ R,

(v2m)¢
Ra

where f € L1(R?). We further use the notation L,(R?) and L,(f2), 1 < p < oo, for
the usual Lebesgue spaces, whereas uniformly continuous, bounded functions are
collected in C(R?). Sequence spaces of p-summable sequences are denoted by Ly,
where 1 < p < 0.

If (X, -1X]]) and (Y,]| - |Y||) are Banach spaces, then we shall write £(X,Y") for
the class of all linear and bounded operators P : X — Y equipped with the usual
operator norm denoted by || P |X — Y||. If X =Y we simply write £(X). Recall,
that for a subset M of a vector space X, span M denotes the set of all finite linear
combinations.

The notation a =< b is used if there exists a constant ¢ > 0 (independent of the
context dependent relevant parameters) such that

c_lagbgca.
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Constants will change their value from line to line, sometimes indicated by adding
subscripts.

2. Interpolation and sampling on uniform grids on R

To prepare our estimates for the d-dimensional case we first recall some results from
the one-dimensional context. We shall discuss two different approaches. The first
one goes back to Oswald [23] and concentrates on a situation where the interpolant
of each function belongs to the space where f is taken from. The second approach
allows sampling instead of interpolation. It uses the Strang-Fix conditions of the
basic function A. Here we employ some ideas from Ries and Stens [24], see also
Jetter and Zhou [25], and [26].

2.1. Preparations

We start with a uniform continuous square integrable function A : R — R and the
following assumptions:

(C) The series
Y A k)
k=—o00

converges uniformly on [0, 1].
(I) (Interpolation property) For k € Z it holds

A(k) = o -

(R) (Refinement condition) There exists a sequence {my, }rcz € ¢2(Z) such that

At) =D mpA(2t — k), (3)
kez
where the convergence is considered in La(R).

For j > 0 we define
Vj(A) :=span{A(27 - —k) : k€ Z}.

If there is no danger of confusion we will write simply V;. For 1 < p < oo and

A € Ly(R) we shall use the notation vj(” ) for the closure of V; with respect to
| - |Lp(R)||. As a consequence of (C) and 2 — /o, the expansion (3) converges as

well in C(R) and the limits can be identified. Hence, V;_1 C Vj(oo). This results in
a multiresolution analysis, i.e.

W cnPwe L cP e co®, jeNs. @
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Now we define a family of linear operators by
o0
> FEIR)AQt-k), teR,  jeN. (5)
k=—o00

From property (C) we derive that @; is well-defined on C(R).

Lemma 2.1: Let A : R — R be a uniform continuous square integrable function
satisfying (C).
(i) For j € Ng we have Q; € L(C(R)) and

165 IE(CR)I = sup Z [A(t = k)

<t<1
(ii) If A additionally satisfies (I) and (R) then

Qif=f, fevi™,

forall0 <0 <j.

Proof: Part (i) is proved in [24]. Now we turn to (ii). By assumption (R) and (4)
it suffices to consider the case £ = j. Any f € V; can be written as

[e.o]

fOy= > aA@t-k), teR,
k=—o0
for some finite sequence (c)i. By (I) we conclude that

f(27 ) =¢, , keZ.

Hence, Q;f = f on the dense subset V; and (i) concludes the proof. O

2.2. On the norm of the operators I — Q;

We shall work with Besov spaces B;,p([R)- Formally, its elements are equivalence
classes of functions. Since we want to access function samples, recall that

B, ,(R) — C(R) if s>1/p. (6)

The correct interpretation is that the equivalence class f € By ,(R) contains one

representative which is continuous. Furthermore, it is also well- known that B, 1/ 2 (R),
1 < p < oo contains unbounded functions.
Let us fix 1 < p < co. We need some additional assumptions.

(S) (Stability) There exist positive constants A, B s.t.

All (er)r 1]l < | ch k) ILp(R)| < B | (i) |

holds for all finite sequences (cg ).
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(Ds) (Decomposition property) There exist projections
7(0)
Pj: B (R) — V'™

such that f =22, P;f (convergence in | - |B, ,(R)|) and

1185, = (X271 B i)

7=0

Moreover, we assume P;P; = 0; ; P; .

Our main tool in deriving the estimate for interpolation on sparse grids will be the
following inequality for d = 1.

Proposition 2.2: Let 1 <p < oo and s > 1/p. Let A : R — R be a function
satisfying conditions (C), (I), (R), (S) and (Ds). Then there ezists a constant ¢ > 0
such that

. 1/
(3 20Qif — Qi fIL,®)IP) " < cllf1B;,®)]

JENo

holds for all f € By ,(R).

Proof: We follow Oswald [23, Page 60]. Let us assume 1 < p < oo. The case
p = oo follows by obvious modifications. For brevity we put

gK::Pffv EGD\IO,

according to assumption (Ds). By Lemma 2.1 we know Qg = Qj—19¢ if £ < j.
Hence

1Qjf = Qj-1f |Lp(R)|]P
S H QJ'(ZQK) ‘LP(R)HP + H le(Zgg) ‘LP([R)HP. (7)
= >

Let us concentrate on the first summand on the right-hand side. By condition (S)
we obtain

9Jsp

a (ol zomn $ S
— 9i(sp=1) Z ‘2245%895(7?27]')’])

k=—0c0 {=j
<23 sp—1) Z 9- jpaZ|2€€g€ /{72 j
k=—o00

< 93(s—1/p—€)p Z olep Z lge(k277)|P
l=j k=—0c0
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where £ > 0 will be chosen later. Because of the inclusion
(k277 . kezZyc{k27" : kez}

for £ > j and property (S) we can continue estimating

98P

(S0 [a®] s 2P S 2 5
2]

l=j k=—o00

< 206 Up=20 3 QDD | g |, (R)]P.
l=j

Hence, choosing € > 0 such that s > 1/p + &, we obtain

o
E 9Jsp
Jj=0

& (X )[R & 3 2 g, R S 26
(Sl <3 >

Jj=0

o0
S 2% g |Lp(R)IIP
=0

= ([ f1Bpp (R

In the same way we may argue for the second summand on the right-hand side of
(7). Let us complete the proof by a comment on some technicalities in connection
with the calculations done above. Indeed, because of (Ds) we have g, € C(R) for
every ¢ € No. Hence, Q;g, makes sense. Furthermore, the series ), g, converges
in B, ,(R) which implies the convergence in C(R) as a consequence of s > 1/p, see
(6). Lemma 2.1/(i) yields

> (X gelk2 ) A@ k) = Q390 = Y Qugr.
kez l l ¢

The proof is complete. O
Let us put now and in the sequel A; := Q; — Qj_1, j € N, and Ag := Q.

Corollary 2.3: Under the same restrictions as in Proposition 2.2 we have

sup 27° || A; ¢ By ,(R) — Ly(R)| < o0
JENo

It further holds

sup 27| 1= Q; : B, (R) — Ly(®)| < .
JENg

Proof: The first statement is a consequence of ¢, — {~, and Proposition 2.2.
To prove the second one we have to modify the proof of Proposition 2.2 slightly.
Starting with

If — QifIL®)]
< S laelLo®l+ || Qi (X 9) [Lo(®)| (8)
> 1>
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instead of (7) and using

20 llgelLoll =D 297925 gel Ly | S 11185, (R

>3 >3
The second summand in (8) is estimated as above and we obtain

sup 275|| I — Q; : B ,(R) — Ly(R)|| < o0
JENg

O

Remark 1: (i) Interpolation on uniform grids on R is a classical topic. We refer
to Jetter’s survey [27] and the references given there.

(ii) In the following subsection we shall deal with some more general results, at
least partly. However, Proposition 2.2 and its proof is very similar to the sparse
grid generalization which we are going to discuss in Theorem 4.5.

2.3. Wavelets and Besov spaces

Let ¢ denote a univariate scaling function associated with the wavelet 1, i.e.,
oo
Y(t)= D he¢(2t—k), teR, 9)
k=—o0

for an appropriate sequence (hg)g € 2. We define

Yor(t) =t —k), keZ,
Vi1 x(t) =229t —k),  keZ, jeNg

and require that the functions 1; form an orthonormal basis of La(R). Further-
more we assume some regularity, namely ¢,1 C CY(R?), and some decay

sup (14 [z)" [ (2)] <00, (<N,
teR
as well as a moment condition
/ thyt)dt=0, (<N,

for some M > 1 and some N > 0. For the following proposition we refer to [28],
[29] and [30].

Proposition 2.4: Lets e R, 1 <p< oo and 1 < q < oo. Further we suppose
N > |s| and M>1+4+N.

Then, for every f € By ,(R), we have

[e.9]

SN i) ik

j=0 kez

f
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convergence in S'(R) (and in B, ,(R) if max(p,q) < o), and

1718y, HV(ZT(S*’“ (S wnr)™) o

kez

Under the conditions of Proposition 2.4 property (D;) is satisfied.
Lemma 2.5: Let 1 <p<oo and s> 1/p. We define

[e.9]

P)Jf = Z <f7 wj,k> ¢j,k, jE D\lo.

k=—o00

Then, under the conditions of Proposition 2.4 and with (hy) € £1, see (9), property
(Dy) is satisfied with V; = Vj(¢).

Proof: The required orthonormality P; P; = ¢; ; P; follows from the fact that the
wavelet system is orthonormal. (k) € ¢1 implies that the range of P; is contained

in 7(p)(¢) since span {9; : k € Z} is contained in V( )(qﬁ). Because of B; ,(R) —

( ), see (6), we also get P;(B, ,(R)) — V( )(qﬁ) Employing Proposition 2.4 with
=0,q=1,00, and takmg 1nt0 account the chain of continuous embeddings

B)1(R) = Lp(R) — BY (R)

we obtain

> aulL®l =2 (2 ). (1)

k=—o00 keZ

where the constants behind =< do not depend on the sequence (ag)r and on j € Np.
By orthonormality of our wavelet system we know (f, ¢ 1) = (P;f, ¢ ). Hence,
as a consequence of (10), we obtain

o0

s s 1/p
1 £1B )= (D277 11 D7 (s i) v ILp(R)IP)
§=0 kez
This proves the claim. O

Remark 2: Given a wavelet characterization as above there is not always an as-

sociated fundamental interpolant A s.t. V()(OO)(A) = VO(OO)(QS). One example is ob-
tained by considering the multiresolution analysis associated to cardinal B-splines
of odd order.

2.4. Sampling on uniform grids on R

Here we want to avoid assumption (I). It will be convenient for us to work with
the following family of operators

I f(t) Z fk/WYAWt—Fk), teR,

k=—o00



10 Winfried Sickel and Tino Ullrich

where W € R, W > 1. We will not restrict to the dyadic subsequence @;, see (5).
Let us start with the remarkable result of Jetter and Zhou [25].

Proposition 2.6: Let A € Ly(R) and s > 1/2. Then the following two assertions
are equivalent.

o There exists a constant ¢ such that for all f € B3 o(R) and all W > 1 we have
the inequality

1f = Iw f [ L2(R)[| < c W2 [ €] FF(E) [La(R)] - (12)
o The function

as(y FAE)N?
€|~ (1—\/2(7?) + ) CIFAE + 27k

k=0

belongs to Loo(—m, 7).

The expression || [£]° Ff(§) |L2(R)]|, see the right-hand side in (12), represents the
homogeneous part of the norm of the Besov space BSQ([R). There are many ways
to split the norm in a way s.t.

1£1B5 R = 1| f [LpR)| + 11 £ 15 4 (R

Whenever we have an estimate of the norm | I — Iy |B, . (R) — Lp(R)|, then

we get a somewhat stronger estimate by working with || f \B;’,q(ﬂ?)H instead of
| f1B, 4(R)||. This is probably well-known, but we did not find a reference. For
that reason we give a precise formulation and a proof.

Lemma 2.7: Let1 <p,q<o0, s>0 and suppose
11— Iw |By (R) = LyR)[| SW™,  W=1. (13)
Then there exists a constant ¢ > 0 s.1.
1f = IwfILp(R)| < c W2 || £ | B} ,(R)] (14)

holds for all W > 1 and all f € B} ,(R).

Proof: We assume that (14) is not true. Then there exists a sequences (Wx)n
and (fy)n such that

Ifn BRI =1 and || fx = Twy fn [Lp(R)[| = N W3 || fn [Bj (R
Estimate (13) in combination with this last inequality yields

NWE I 1By R < |l fv = Iw fv |Lp(R)]|
< cWRPIIN By (Rl

This yields

Jim | B3, (R)) = 0. (15)
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By assumption this also implies
A (L Ly (R) =1 (16)
—0Q

But this is impossible. To see this we switch to homogeneous Besov spaces for a
moment, also denoted by B;q([R), see e.g. Peetre [31] or Triebel [32, Chapt. 5] for
the definition and some properties. The elements of these classes are equivalence
classes modulo polynomials of degree < [s] (integer part). From (15) we derive the
existence of a sequence (py)n of polynomials of degree < [s] s.t.

A}im fn+pn=0 (convergence in  S'(R)) .
— 00

But this is in contradiction with (16). O

We continue with results based on Strang-Fix and discrete moment conditions.
Let us start by recalling the Strang-Fix conditions.

Definition 2.8: (i) We say that A satisfies a discrete moment condition of order
a>0if

ma(A) ==sup Y |t —k|*[A(t— k)| < o0, (17)
teR k

=—00

(ii) We say that the function A € L1 (R) satisfies the Strang-Fix condition of order
1if

1

(iii) We say that the function A satisfies the Strang-Fix condition of order r € N,
r > 1, if A satisfies the Strang-Fix condition of order 1 and in addition

(FMNO2rk) =0, kez, (=1,2,...,r—1. (19)

Remark 3: (i) Observe, that if A € C(R), then mq(A) < oo implies mg(A) < oo
forall 0 < 8 < a.
(ii) If A satisfies (C), then the Strang-Fix condition of order 1 and

o
Y At-k)=1, teR,
k=—o00
are equivalent, see [24].
Now we are ready to recall the main results of [24]. As usual, if 0 < s < 1,

£(w) = )]

I ILips| = sup (
uUFv |u - ’U|

Proposition 2.9: (i) Let 0 < s < 1. Let A be a function satisfying ms(A) < oo
and (18). Then

11— Iy [Lips(R) — C(R)| S W™, W >1.
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(ii) Let A be a function satisfying m,(A) < oo for some r € N, r > 1. Then the

following assertions are equivalent:
(a) We have

I = Iw|C"(R) = CR)| W™,  W=>1.

(b) A satisfies the Strang-Fixz conditions of order r.
Now we turn to a p-version of this result.

Proposition 2.10: Let A be a continuous function satisfying m,+1(A) < oo,
(18), and (19) for somer € N, r > 1. Let 1 <p < oo and 1/p < s <r. Then

11— Iw [Bp oo (R) = Ly(R)[| < W™, W >1. (20)

Proof: We proceed as in [26] (proof of Proposition 9). Only a few modifications
are necessary.

Step 1. Since m,(A) < oo, we have the equivalence of (19) and the discrete
moment condition

> (t-kYAt—k) =0, j=12..,r-1,teR, (21)

k=—o0

see [24]. Temporarily we assume that f is smooth. We employ Taylor’s formula and
obtain

f(]) T . T . T —u r—2
f(z) = ‘ j(! 0) (x — o)’ —1—/% f( 1)(u)((r_;)!du. (22)

Let ¢t and W > 1 be fixed. We use > ;2 A(t — k) =1 for all t € R, see Remark
3, and (22) with k/W = z, z9 =t and see that

Fotwft)= Y (50~ ()] AW K)

k=—o00

20 i (% —tY AWt — k)

o0 k/W B (i_u)r—2
=Dy W "~ . ).
+ Z/t F0 ) e du AL k). (23)

Observe

. (i_t)r—l k/W . (ﬁ_u)r—z
Fe e = [T e S,
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Substituting into (23) and using the discrete moment conditions (21) gives

f(t) = Iw f(2)

o k/W B 3 (ﬁ _u)r—Q
_ (r—1) uw) — (r—1) W " o
> [ - ) W | Agve- )
00 k/W—t k4 pyr—2
- Z UO (ARfT=D(1)) Gy (Tt_ 2;? dh] AWt —k).
k=—o00

Let 0 < s < 1. Since |h| < |k/W — t| the triangle and the Minkowski inequality
yield

|~ Twf LR
S [ o
< — "2 AWt — k ApfT V@) dh | Ly(R
Hk:ZOOrW RAWE-RL [ 0] db LR
>~  k
< — T AW — K R ALV ()] dh | Ly(R
H;@rw AW a0 db | L®)
< A) WSt - oA £ 1L @)
< myia(A) R L@ T
SWIH FIBET®)). (24)

Since C§°(R) is dense in B;jr_l([R), this inequality extends from C§°(R) to
B;:‘ir_l([R). Real interpolation with 0 < sgp < s1 <1 and 0 < 6 < 1 yields

1T = Iw | By o (R) = Lyp(R)]|
S —Iw By (R) — Ly(R)|I"?I I — Iw | By (R) — Ly(R)||”,

where s := (1 —6) s+ 0 s1, see e.g. [32, 2.4.2]. This proves the claim for all values
of the smoothness parameter within the interval (r — 1, 7).

Step 2. Let 1 < s <r and 1 < p < co. Since the discrete moment condition and
the Strang-Fix conditions are monotone in r we immediately obtain (20) for all
such s and p by applying the arguments from Step 1.

Step 3. Let p = oo. Let s > 0, s ¢ N. We shall use Lip s(R) N C(R) = BS, (R),
0 < s <1 (in the sense of equivalent norms) in combination with

Bio00(R) = (B3 00 (R), B 50 (R))0,00 »

and
Bgo,oo([R) = (ng,oo([R)v c* ([R))G,oo )
also valid in the sense of equivalent norms, and s := (1 — 0) s + 051, so # 1

(with s; € N in the second formula), see e.g. [32, 2.4.2]. Hence, as a consequence
of Proposition 2.9, we obtain (20) with p = co and 0 < s < 7.
Step 4. Let 1 < p < oo. This time we use complex interpolation, see [33]. We
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have
B;p([R) = [Bff’l([R), ngm(l]?)]g, —:=1—-0, s:=(1—-0)sp+0s1.

For appropriate combinations of sg > 1 and s; > 0 we obtain
11 —1Iw[B,,(R) = Ly(R)| < W—*, W =>1,

for all s, 1/p < s < r. Another application of real interpolation in case 1 < p < oo,
namely

By o(R) = (B (R), BpL(R))g,00 5 s:=(1-0)sp+0s1,

yields (20) for the full range of s. O

Remark 4: Proposition 2.10 with the additional assumption supp A compact has
been proved in [26]. However, the proofs in both situations used ideas from [24].

Sampling kernels with compact support — limiting situations

With Propositions 2.9 and 2.6 we have limiting situations with p = co and p = 2,
respectively. It is natural to look at p = 1 now. Following [34, pp. 52] we denote
by Lip (1, L1(R)) the set of all locally integrable functions f s.t. the semi-norm

I 1L (L La®) = sup 1 sup [ (A ()] ds (25)
t>0 |h|<t J —oc0

is finite. In what follows we shall need the inequality

sup & sup / Anf(@)|dz < | F|Li(R)]|. (26)

>0 b |nj<t J—co

This can be proved either directly, see e.g. Ziemer [35, pp. 46] or by using the
connection with functions of bounded variation, see e.g. [34, Thm. 2.9.3].

Proposition 2.11: Let A be a continuous compactly supported function satisfy-
ing (17), (18), and (19) for some r € N, r > 1. Then

[ f=IwfIWI[R) = Li(R)| S W™, W=>1,
and
[ f=IwfIWLR) = CR) S W™, w>1,

follow.

Proof: Step 1. Let p = 1. It will be enough to deal with f € C5°(R). Let supp A C
[—a, a] for some a > 0. We proceed as in proof of Proposition 2.6 and obtain, see
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(24)7

I f = Iw f|Li(R)]]
co k _ -
= /_Oo k:z—oo ‘W - t) AWt — k)] /ngk/w_tl IALFT ()| dhdt .

Here we apply m,(A) < co. Using the compact support of A this yields

If = Iwf !Ll([R)H

<(m 3
teR .

AWt —k / / ATV ()| dt dh
|h|<a/W

< 2ame (M)W sup / AL FD (8] dt
h|<a/W J —oc0

Hence, by using (26) we conclude

1f = TwF IR S WO [Lip (1, Lu®) | S W[ A7 LR -
This proves the claim for p = 1.

Step 2. Let p = co. Again we use (24) as a starting point. Because of the Lipschitz
continuity of f"~1) we do not need a density argument. Consequently

sup | f(t) — Iw f (1) |

teR

© k r—2
< ( sup ’— —t‘ AWt —k / sup |AFTV @) dh
(s k;m u A(WE = F)) oy B 8RS D)

<m_ (M)W sup [ ARfCTY Lo (R)])
|h|<a/W

The Lipschitz continuity of =1 yields

1f = Iw FICRINS W I F) | Lo (R)]]-

The proof is complete. O
For A being compactly supported we can summarize our results as follows.

Corollary 2.12: Let A be a continuous compactly supported function satisfying
(17), (18), and (19) for some r € N, r > 1. Let 1 < p < oco. Then

I = Iw [Wy(R) — L,R)| < W™, W =>1. (27)

Proof: We shall use an interpolation formula established by DeVore and Scherer,
namely

Wy (R) = (Wi (R), Weo (R))e.p » b 1-90,

see [36, Cor. 5.5.13]. This combined with Proposition 2.11 yields (27). O
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Remark 5: By means of W3(R) = B3,(R) (in the sense of equivalent norms)
we can compare Corollary 2.12 with Proposition 2.6. Clearly, Proposition 2.6 is a
stronger result than Corollary 2.12 in case p = 2.

3. Examples 1.

We deal with two types of examples only. The first one is related to splines of even
order and the second one is generated by the sinc-function. For more examples we
refer to Jetter’s survey [27].

3.1. Spline interpolation

Our general reference for B-splines and spline interpolation is Chui’s monograph
[37, Chapt. 4]. A few properties of B-splines and related wavelet bases are given in
the appendix, Paragraph A.3.

Let n € N, n > 2. Beside the case n = 2 we can not work with the B-spline N,
itself. Recall N5 = N. The function

Sn(€) =) FNu(E+2mk), E€R,

k=—o0

is called the symbol of N,,. Poisson’s summation formula yields

—ZEZ
5.6 = - z Nal®) i,

hence the symbol is a trigonometric polynomial. It is well-known that this symbol
does not have zeros if and only if n is even. For simplicity we concentrate on n
even in the sequel. We define

Aan(t) = \/‘%f—l[

Observe Ay = Ns(- +1). The function Ag, is a fundamental interpolant, i.e., prop-
erty (I) is satisfied. Expanding 1/S9,, into a Fourier series

E anj; € —ik

k=—o00

~7:N2n(f)

St ](t), teR.

S2n

one obtains, using arguments from complex analysis, that the sequence (|ay x|)x is
exponentially decaying. Hence

Aoy (t ks Non(t — k). (28)

1 00

Let us collect the important properties for our purpose.

e Ay, belongs to 70(00) (Nap).
e Ay, is compactly supported if, and only if, n = 1.
o Ay, € B%@gl“/p(ﬂ?), 1<p<oo.
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e Ay, is Lipschitz continuous of order 2n — 1.
o Vo(p) (A2,) = Vo(p)(/\én) for all p, 1 < p < 0.

Proposition 3.1: Letn € N and 1 < p < oo. (i) The fundamental interpolant
Aay, provides (C), (1), (R), (S), and (Dy) if 1/p<r <2n—1+1/p.

(ii) The function Aoy, has finite discrete moments of any order. Furthermore, it
satisfies the Strang-Fix conditions of order 2n.

Proof: Step 1. Proof of (i). Step 1.1. Property (C) follows from the exponential
decay of the function Ag,. Properties (I) and (R) have been explained above. By
(28) we have Aoy (t) = Y 50 ek Nop(t —k) with (cx) € ¢1(Z). On the other hand
it holds

2n—1

N2n ZNQn A2n t— )

These two identities, combined with the fact that (Na, (- — k)gez) is a Riesz basis

in Vg (Nzn) yields (S) for Ag,.
Step 1.2. Choosing

(e}

Pif(t)= Y (Lufbeii(t), teR, jeNo,

k=—o00

then the norm equivalence required in property (D) follows from Proposition A.9
in the Appendix below and Property (S) for the system {wjz,%}kez in L,(R) or
alternatively from Proposition A.9 in combination with Lemma 2.5. This lemma
also implies P; : By (R) — vj(oo).

Step 2. Proof of (ii). Based on

L sin(g/2)y?
Faa€) = = (g ) €€R

the claim is easy to check for n = 1, see Subsection A.3 in the appendix. Let now
n > 1 and define
I £ () Z fk/W)Aoy(Wt—k), teR, W>1. (29)

k=—o00

By Step 1 and Proposition 2.2 we know

1f = Iy fIL(R)| < c W2 [ £ |B3 (R

as long as 1/2 < s < 2n — 1/2. Here the switch from the dyadic subsequence
to the sequence Iy}, is not a big deal. It requires only some more or less obvious
modifications of the original proof. Lemma 2.7 yields that this inequality remains
true with || f ]BSQ(IR)H In view of Proposition 2.6 this implies that

o (1-72)
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belongs to Loo(—m, ). Since FA() is the quotient of two smooth functions and
the denominator is not vanishing we conclude that

1—FA(E)/V2r =O0(I¢*"),  £—0.

Hence we have found

1

FANDO0) =60 ——, £=0,1,...,2n—1.

FNO0) =g =
To prove (FA)(2rk) = 0, k € Z\ {0}, £ =0,1,... ,2n—1, it is enough to observe
that F N5, has a zero of order 2n — 1 in these points 27k. a

The following assertions are direct consequences of Propositions 2.9, 2.10, 2.6,
3.1 and Corollary 2.12.

Corollary 3.2: Letl1 <p<oo andn € N.
(i) Let 1/p <r < 2n. Then we have

I = Ly By oo(R) = Ly(R)[ S W7, W >1.
(ii) In the limiting situation r = 2n it holds

11— Iy |B35(R) — La(R)| SW 2", W >1,
as well as

11— Iy [C*(R) = C(R)| s W™, W >1.
(iii) In the particular case n =1 and r = 2 we even know

11— Ly W (R) = L,(R)| SW™2,  W=>1.

Remark 1: In [38], [39] and [26] also the following sampling operators, based on
the functions

Y1(t) :=4N3(t+3/2) —3N4(t+2),
o (t) : =21 N5(t+5/2) — 35 Ng(t +3) + 15N7(t +7/2),
are discussed. These compactly supported spline functions satisfy the Strang-Fix

conditions of order r = 3 and r = 4, respectively. Let us denote the associated
sampling operators by I;f{} and Igff. Hence

|1 =1y 1B} oo (®) — LyR) S W™, W =1, (30)
if 1/p < s <3 and

|1 =17 1By o (R) = LyR)| SW™*, W =1, (31)
if 1/p < s < 4. For the limiting situations s = 3 and s = 4 we may apply

Corollary 2.12. The corresponding operators I;f[}' are no longer projections, Iﬁ}' fis
not interpolating the function f in general.
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3.2. Sinus Cardinalis
We consider the function

sin(mt)

A(t) = sinc (t) = , teR.

7t

The associated family of operators @), this time denoted by S,
w . .
Sif(t) := Z f(277k) sinc (27t — k) , teR,
k=—oc0

are the classical Whittaker cardinal series. It is obvious that (I) is satisfied and
(C) is not. However, the counterparts of Proposition 2.2 and Corollary 2.3 are
known in this case, see [40]. Observe further that (S) is nothing than the classical
Plancherel-Polya inequalities, see e.g. [26]. There is also an associated wavelet,
namely the Shannon wavelet. We omit details and recall a result from [40].

Corollary 3.3: Letl <p<oo,1<qg<o0andl/p<r < oco. Then
11— 8518y 4(R) = Ly(R)l| < 277", j € No,,

holds.

4. Interpolation on sparse grids on R%

Now we turn to the d-dimensional situation. To begin with we recall some properties
of the Smolyak algorithm.

4.1. The Smolyak Algorithm

For a sequence of linear operators L = (L;); we put

oy JLi—Lj—1 it jeN,
sy ={p b el

Definition 4.1: Let m € Ng. The Smolyak-Algorithm A(m,d, L) of order m

relative to the d sequences L' := (L});‘io, oo, L= (L;l);?io, is the linear operator

Am,d, L) = > AIHe .. @A, LY.
Jit...+ja<m

Remark 1: Originally introduced in [41] there are now hundreds of references
dealing with this construction. A few basics and some references can be found in
[42], [2] and [43]. In particular the following formula is proved in [43]:

B} A1
Amd D= Y (i <m o >LJ1-1 ®.. oLl (3
m—d+1<[j|:<m I

For later use we need to define the following subspaces

Vi(A) := span{A(2% - —k1)) @ --- @ A(2% - —kg) : ke2z} |, lfeNg.
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Moreover, we need the so-called sparse grid ansatz spaces V,,(A) for m € N. They
are defined as follows

Vin(A) := span{A(2° - —k1) @ - @ A(2% - —kq) : [l]i =m, ke z?}. (33)

Again, we denote by foj) the closure of V,, and by Vg(p ) the closure of V7 in
L,(R). Putting @ = ((Q;)j, - - - , (Q;);) we consider the related Smolyak algorithm
A(m,d, Q) . The crucial observation is the following.

Lemma 4.2: Let the sequence (Q;); satisfy
Qif=rf ., fev, (34)
forall0 < ¢ <j. Then
A(m.d,Q)f = f (35)

holds for all f € V) and all m € N.
Proof: Obviously, it is enough to prove (35) for

f(@1, e ma) = A2 21 — k1) @ -+ @ A(2"2q — ka)

where |4]; <m and k € Z¢. Let

T:= Z Z éAgi and R := Z éA&

0<t<m  0<€y<m i=1 |2, >m i=1

Hence, we get A(m,d, Cj) =T — R. Since Z;":O A = Qm, we obtain

Assumption (34) yields then T'f = f. Therefore, it suffices to prove that Rf = 0.
We prove a bit more, namely that

(éAng:O (36)
=1

for any |[¢|; > m. Indeed, since |¢|; > m > |i|; we find at least one i € {1,...,d}
such that ¢; — 1 > u; . A consequence of (34) is

Ag [AR" - =k)|(t) = Qe [A(2"™ - —ki)](t) — Qr—1[A(2" - —ky)](t) =0,
which yields (36) . O

The set of sampling points used by @; will be denoted by 7;. Then we put

G(m,d) := U T, x...xTj,.

m—d+1<|j,<m
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By (32), the operator A(m,d, Q) uses only samples from the grid G(m,d). The
nestedness of the grids 7; implies

Gm,d)= |J T, x ... x T,

ljli=m

- {(Q_jlkl, 270k s fi=m, k€ zd}.

Since the operators (); interpolate every f € C(R) on 7; we have the following
counterpart for the operator A(m,d, Q)

Lemma 4.3: Let the function A satisfy (C), (I) and (R). Then

A(m,d,Q)f(x) = f(x),  x€G(m,d).

holds for all x € G(m,d) and all f € C(R?).

Proof: The proof is similar to the proof of Lemma 4.2. We employ the same
notation and decomposition of A(m,d, C_j) =T — R as in the proof of Lemma 4.2.
Since @, interpolates on 7, the operator T interpolates on 7., X ... X 7,,. Hence,
it is enough to prove

Rf(x)=0  forall ze€T x ... x T, , |k|y =m,

and all f € C(R?). We shall prove even more, namely
(8@ ®A8,)f@) =0,  @eTy x ... x Ty, [kh=m

and |j|; > m.

Let j, |jl1 > m, k, |k]; = m and 2 € G(m,d, L) be given. For 1 < u < d we put
gu(t) == f(x1,.. ., Zy—1,t,Zyy1,... ,2q), t € R. Furthermore, there exists at least
one component u such that &, < j,. This implies Q;, gu(2v) = Qj,—19u(xy) Which
proves the claim. O

The next subsection is devoted to upper estimates of

1T = A(m, d, Q) : S BRY) — LyRY)]].

4.2. Estimates from above for interpolation on sparse grids

We will present two different approaches to error estimates for the Smolyak algo-
rithm. The first one is rather close to what has been done in the univariate situation
in Subsection 2.2. In particular, it is applicable only under the assumption (I). The
second one is less complicated, can be applied even to sampling operators. How-
ever, the outcome is an estimate which is not as good as in the first approach.
We need a d-dimensional counterpart of the decomposition property (Ds). Let
1 <p,qg<oc.

(Dy) (Multivariate decomposition) There exist projections P,

Py S B(RY — V™
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such that f =} sy Ppf (convergence in || - \S;,qB([Rd)H) and

_ 1/
17185 BRY| = (D2 27 | Pyf |, (RY7)

ZeENg

Additionally, we assume PPy = 6j ;F; .

If necessary we shall indicate the dependence on p and ¢ by writing (D;)(p, q)
instead of (D,). If our starting point is a wavelet system (¢;);, which allows a

characterization of B} ,(R), then we get (D,.)(p,p) for free.

Lemma 4.4: Let 1 <p < oo. Let the univariate wavelet system (1), satisfy
the assumptions in Proposition 2.4 for some N > 0 and M > 1. Furthermore we

assume (9) with (hy.)x € £1. Let Vi := Vi(¢), £ € N&. Then

Pof = > {fvm) Yig

kez?
where
Vrgp() = Yo, g, (1) o Yuy kg (Ta)
satisfies (D,)(p,p) for all 1/p <r < N.

Proof: We consider the mapping

I e ((Fojn)jn -

By Proposition 2.4 J is an isomorphism mapping the Besov space B ,(R) onto the
sequence space by, see Def. A.8 in Appendix A. This implies that the tensor product
operator J ® ... ® J maps the tensor product of the Besov spaces isomorphically
onto the tensor product of the sequence spaces. But

By ,(R) ®s, ... ®s, By ,(R) = S; ,B(RY)
(see (A2)) and
b; s, - s, b; = S;b,

where spb is defined in Def. A.8. For the correct interpretation of these formulas
and more details we refer to [21]. Hence

z 11 /
17155, BERY] = (3 32 20w g )

JENE kezd

for all |r| < N. Next we consider the mapping J restricted to the range Wg-p) - Vgp)
of P;. To avoid misunderstandings we denote this restriction by 7}. Since T} is an

isomorphism of WEP ) onto 0,(Z), see (11), the associated tensor product operator
17,

Tg::Tgl® ®ng
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becomes an isomorphism of
723) ®s, .-+ D5, Wg) onto Ep(Zd) ,
since
0p(Z) @s, - .. ®s, bp(Z) = £,(Z7),

see [44]. Let d = 2 for a moment. By X ® Y we denote the algebraic tensor product
of X and Y. By W%p ) we denote the L,-closure of the set

span {y, k ® ... @y, p: k€ 2.

Then it is easy to see that
(span {o, k€ Z} @span{iy,  : k € Z}) C WZ))@WZ) C Wﬁ;p) , 0= ({1,0).

Taking the closure with respect to the tensor norm 6, then, by using this sandwich
type argument, we conclude

Tteration yields

W @5, ... @5, W =W,

Employing this identity and taking (11) into account we obtain

> s I®) = 2D (S ) (37)
k

|
keza eZ4

where the constants behind = do not depend on j € Z¢ and (ax)i € £,(Z%). Here
we used

d
1T, WP — @) =T 1T W - ,(2)].

1=1

The inequality < follows from the general theory on tensor product operators and
the fact, that 0, is a uniform cross norm, see [44]. The reverse inequality follows
by the same argument but applied to T 1= Tgl ®...Q Tzzl. Hence

- 1/
1 £185, BRI = (52 2507 )37 4 f v ver LRI )

JENE kezd

To prove P : S;’qB(IRd) — Vg(oo) it is enough to observe that S]’;,qB(IRd) — C(R?)
if r > 1/p and

7)) 7 (p) _ ()
Wy cVy CcVy 7,
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see (37). O

Remark 2: Let (-, -)p4 denote the real interpolation. Let 1 < p,q < oo, r > 0
and 0 < # < 1. Then, in contrast to the isotropic situation, we have

(S5, B(RY), Ly(RH))g4 # S1U~0 B(R?)

in general, see [18]. Hence, at least at this moment, we do not have a simple
argument to prove that (D, )(p,p) implies (D;)(p,q) for all 0 < s <r and 1 < ¢ <
00.

Now we continue with the main assertion in this section.

Theorem 4.5: Let1 <p < oo, 1< g <o00,1/p<ry<r and the sequence
(Qj); be given by (5). Suppose further, that

sup 277 || A; |By (R) — Lyp(R)|| < 0o
JENo

and
Q]f:f 5 fGW7

for all 0 < ¢ < j. Additionally, we need (Dy(p,p)), (Dy,(p,p)) and with coincidence

of the projections Py in (D,,) and (D,). Then
17— A(m,d, Q)|S;,BRY) — Ly(RY)|| £ 27" m@ DV m e N (39)

Proof: Using (D,) we can decompose f € S;qB([Rd) in

[ = Z u - (39)

aENG

We want to rearrange this decomposition in a proper way. Let b = (by, ... ,bq),
b; € {0,1}, ¢ = 1,...,d. For fixed m we define the index sets I§" := {0, ...,m},
I"={m+1,m+2, ..} and

pri={aeNd : |uh>m, u el i=1,...,d}.

Rearranging (39) gives
f=h+ > [,
be{0,1}¢

where

h = Z gu € V,(so) and fo= Z Ja - (40)

||, <m aep"

Then, by Lemma 4.2, we obtain A(m,d,@Q)h = h. It remains to estimate the 2¢
terms || f° — A(m,d, Q) f°|L,(RY)||. By triangle inequality we obtain

1£° = A(m, d, Q) fILpRY < > llga — A(m. d, @)gal Lp(RY)]|

uep"
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Clearly, by means of Lemma 4.2 we know that

A(lah, d, Q)ga =

Next we claim
(Agl ® ...®Agd)gg =0

if there exists some index ig s.t. £;, > u;,. Since gz € Va(oo) it is enough to test
the operator on functions of the type A(2"'x; — k1) - ... A(2"zy — kg). But
Ay, A(2"0t—n) = 0, see Lemma 2.1. Both identities, combined with Corollary A.7
in the Appendix, yield

192 — A(m, d, Q)ga |Lp(RY)]|
= Y (An®...®A)glLp(RY

m<|l7|1§|1]|1
= Y. (A ®...®Ay)ga | Ly(RY)
Lewm
< Y (AL ® .. @A) ga|Ly(RY)]
Lewr
< galSpBRY D 1Ay ® ... Ay, [555,B(RY) — Ly(RY)]|
Lewm
< lgalSp, BRI D HHAz |Bpp(R) — Lyp(R)|
lewm i=1

where
Wr={leNs: |[lh>m, 6<u,i=1..d}.
By Corollary 2.3
1AL 1B (R) — Ly(R)|| S 275
Hence

I ga — A(m, d, @)ga |Lpy(R) | < |l ga |Spo, BRY| D 277l (41)
Lewr

Using (D,,,) we obtain

lgal Sy BRI = 217 ga| Ly (RY)]] -
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Plugging this into (41) and using (40) in combination with (D,.) we arrive at

| f* — A(m,d, Q) f° |Ly(RY)]|

S Z 270l || g | Ly (RY) || 2770 [

S 27 3o ol e gy 1, (8%
ue P

™ —Trom ro—T 1741/ m ’ 1/q
S 1S 185 BRY 27 (37 2l e )

ue Py

’

where we used Holder’s inequality with 1/¢ + 1/¢' = 1 in the last step. Observe,
that

This implies

|W Smin( lujy —m Huz)

Now we have to distinguish two cases depending on the size of |b;.
Step 1. Let |b|y < 1. Using |W2| < (|a|y — m)? yields

o—rom ( S alre-nlahd ‘Wgz,q’)l/ T < eommr pd=1(1-1/a)
ue P
for some ¢ independent of m.

d
Step 2. Let |b[; > 1. In this case we use |W}"| < [] u; and obtain
i=1

277"0771 ( Z 2(7”()77’)‘11‘1(1’ ’W5,L|q/)1/q, S 627mr md 21’)1(1”077")“)‘1 ,
ae P

<27,
where again ¢ does not depend on m. Summarizing we have proved
1f* = A(m, d, Q) f* |Lp(RY)|| S 27" ml DOV p ISy BRY)]|
Using triangle inequality we finally obtain
1f = Alm, d.Q)f |L,RY| S 27 m=DU=VD || £157 B[R]

This completes the proof. O

Remark 3: A periodic counterpart of (38) has been proved in [19]. A few ideas
of the proof are taken from there.
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4.3. Estimates from below for interpolation on sparse grids

We call a function g : R — R Lipschitz continuous of order k € N if g € C¥~1(R)
and

(k—1) _ ,(k-1)
Suplg @) =g Wl _

Ay |$ - y|

Theorem 4.6: Let 1 <p<oo, s> 1, and A € Bj;(R) be Lipschitz continuous
of order k € N. Furthermore, we assume that A is compactly supported, satisfies

(1), (R), (C) and
O(x) =Ax/2) —Az) >0 , z€R. (42)

Then, for all r with

1 1
7<T<f+k(1—7),
p p p

we have for the corresponding operators A(m,d, Q)
11 — A(m,d, Q) : S, ,B(R?Y) — Ly(RY)[| 2 27 m@-DO=VE) -y e L (43)
Proof: For m € N we introduce the following index sets

I, = {(a,l%) eN{xZ': Jal =m+1, min wi =2, 1<k <22 0=1,. ,d}.
_Z_

To prove (43) we shall use the following sequence of test functions

fm<$1,...,l’d) = Z A(2“1x1 — 2]{1) e ~A(2udl‘d—2]{)d).
(@,k)ELny

Step 1. Estimate of || fp, — A(m, d, Q) fm |Lp(RY)|| from below. Clearly, every f,
belongs to the space V,,41, which implies, see Lemma 4.2, that

fm - A(m) d? Cj)fm
= A(m + 17 d> Q)fm - A(ma da Q)fm
= 3D AT 2k s A AR —2k0)](wa).

‘-ﬂl:m—’_l (ﬁﬂlz“)elnl
Using Lemma 2.1, we observe, that Aj,[A(2% - —2k;)](z;) # 0 implies that u; > jj.

Taking |u|; = |j]1 into account this leads to u; = j; for all i. Therefore, using
property (I), we conclude

AN - =2k (z;) = —®(2'a; — 2k;) <0, i=1,...,d.
This yields

fo = A(m,d, Q) fm = (=1)" Y @2 a1 — 2k1) - ... - B(Dwg — 2kg) .
(J.k)ELn
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Observe, if supp ® C [—N, N], then supp f,, C [-N — 1, N + 1] follows. Hence

| fn = A(m, d, Q) frn | Lp(RY)]| (44)
- H S @@a —2ki) - ... D2 — 2k) [L(-N — 1N + 1]d)H
(G,k)ELm
J1 Jd d
>on|| Y e@a -2k @@ — ) Lal(-N — 1, N + 1))
(k) ELn

Since we sum over nonnegative functions inside the Li-norm we finally conclude

| fmn — A(m, d, Q) fr| Lp(RY) |

> > @@ —2k)|LiR)] - ... - | @27 —2kq)| L1 (R)|

(37%)61771 (45)
= Y 2 ihje|n®)

(5,k)EIn
>’I7’Ld_1.

Step 2. Estimate of || f, |5y ,(R%)|| from above.
Substep 2.1. Let p = 1. Since A € Bf;(R), Theorem A.6, see the Appendix

below, yields A(2“12z1 — 2ky) - ... - A(2%xy — 2ky) € SilB([Rd). Applying triangle
inequality and a homogeneity argument, see e.g. [32, Prop. 3.4.1], we obtain

1fmISTABROIS D (122021 = 2k1) - oo - @(22g — 2kq) | ST BRY)|

(5,k)EL,
< N e@ - —2k) [B5(R)]| - ... - [ B2 - —2kg) | BS (R
(G,k)ET,
< Y iY@ |Bs (R))
(F,k)ELn
< md=toms, (46)

The above estimates can be repeated for any r, 0 < 7 < s, since Bf ;(R) — B ;(R).

Substep 2.2. Let p = oo. Since A is Lipschitz continuous of order £ € N and
compactly supported the functions ®(2/t21 — 2ky) - ... - ®(2/¢xy — 2kg) are k-atoms
centered at Q5 o (up to a universal constant), see Def. A.11 and Remark A5 below.
Hence, if 0 < t < k, Theorem A.12 yields

| fn 1S5 e BROINS  sup 2170t <2t (47)

|ﬂ|1:m+1

Substep 2.3. Let 1 < p < co. We shall use complex interpolation, see [45, Thm. 4.6].
Together with (46), (47) it follows

| fn 1S, BRON S fon 1851 BRYI | fim 1S 00 B(RD)I?
S (md—l 2ms)1—9 (2tm)9
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where 0 < 6 < 1,

=1-6 and r:=s(1—-6)+1t6.

A

Combining (45) with (48) the claim follows. O
4.4. Estimates from above for sampling on sparse grids

This time our analysis is based on the following decomposition of the error I —
A(m,d, L).

Lemma 4.7:  The following identity holds for all d > 2 and all m € N:

I® @I — A(m,d, L)

= > AyheAIHe-ed, (LT e (- L)
jrttda=m

+ ) AINRALUIA e 0A, (LT eI -LT el

Jd—1

rteetdami=m

+ > A UIhed-L)ele--al

j1‘Fj2::W1

+(I-L)eIe---aI.

Proof: The formula follows by induction with respect to d and with fixed m.
Obviously, the following recursion

[@---@I—Am,d,L)=I-L)o(I® o) +LLole oI

~ 3" ALY @ A(m —ji,d—1,L\ LY)
71=0

holds. Using 37", A;(LY) = L}, we get
I® - @l—Am,d,L)=I-L))o(I®-- oI
+> AN (I®--®1—A(m—ji,d—1,L\ L").
71=0 d—1

Applying the induction hypothesis the claim follows. O

Remark 4: Similar ideas have been used by Wasilkowski and WoZniakowski [43].
For d = 2 such identities can be found also in Delvos and Schempp [46, Prop. 1.4/2].

We are going to use these identities with respect to the sequence Cj

Theorem 4.8: Let1<p<oo andr > 0. Let Q = ((Qj)j,---,(Qj);) be given.
We suppose

11— Q; |B},(R) — Ly(R)| S 277", j€Np.
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Then
11— A(m,d,@)|S;,BRY) — L,RY| S 27™ m? ", meN,

follows.

Proof: Step 1. Let 1 < p < oo. It is enough to combine Corollary A.7 with Lemma
4.7.

Step 2. Let p = co. By means of Lemma 4.7 we conclude

HI—A(m,d,Q)H < Z ||Aj1 ®Aj2 ®"'®A]'d—1 ®(I_de)||
JitHga=m

+ Y A, 0AL,0 040, 0 -Q), )]
Jitetja—1=m

+ > A eI-Quele-- ol
Jitje=m
+ I =Qm)®I® - I.
(49)

Let f € ST, o B(R?). We proceed estimating ||(P1 ® - - - ® Py) f|Loo(R?|, where the
operators P; are chosen accordingly to the summands in (49) . Furthermore, let A} ,
denote the finite difference operator of order n in direction of the i-th coordinate,

see (B1) in the appendix. We find, by taking into account the characterization of
B, «(R) in terms of differences,

(PA®- - ® Pd)f|Loo([Rd|| = sup sup|PL(I Q@ P2 ® ... R Py)f(-, x2,....,xq)(x1)]

T2,y..., g T

S P Boooo(R) = Leo(R)|| sup [[(I @ Py @ -+ @ Py) f(-; 2, -, %a) | Boo oo (R)]]

X2,...,%d

<[P ( sup (1@ Py@- @ Pa)f(w1, 22, .., 74)

L1y-yTd

+ supt;”" sup sup [(AR, @ P®---® Py)f(x1, ,a:d)|) .
t1>0 |h1|<t; ®1,..5%a

Iterating this procedure yields

[(P1® - ® Py)f|Loo(RY)]|

SIP - NP (1B ®DI+ 32 sup 47457 [(Dy @ .. ® Da)fLecll)
Ac{l,..dy i 470,
A#D

=P e I Pall - 11550, 00 BRI

where

Ay, if i€A
DZ'_{I if i¢A"
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For the corresponding characterization of ST, . B (RY) in terms of differences we
refer to [47] and Appendix B. Therefore,

d
1P © Py] Sk 0 BRY) = LRI S TTI1P 1B 0o (R) = Loo(R)] -,
=1

analogous to the situation with p < co. Returning to (49) yields

|1~ A(m,d, Q) |8k o B(RY) — Loo(RY)|| S (L +m+ -+ +md=ty27mr

S md—l 9—mr

The proof is complete. O

Remark 5: We compare advantages and disadvantages of the Theorems 4.5 and
4.8. Of course, we have to concentrate to p = ¢. Under more restrictive conditions
on A we have found in Theorem 4.5 an estimate with error < 2777 m(d—1(1-1/p)
whereas in Theorem 4.8 we produced an error < 27™" m?~1 Hence, there is a
difference of order m(@=1/P in case 1 < p < .

As a supplement to Theorem 4.8 we formulate the counterpart for Sobolev spaces
Hj(R) of fractional order.

Theorem 4.9: Let 1 < p < oo andr > 0. Let @ = ((Q});,--- ,(Q;);) be given.
We suppose

1T —Q;|H)(R) — Ly(R)[| S277",  j€No.
Then
11— A(m,d,Q)|S;W(RY) — Ly(RY 27 m® !, meN,

follows.

Proof: Again it will be enough to combine Corollary A.7 with Lemma 4.7. O

5. Examples II.

We summarize the outcome with respect to the examples already treated in the
univariate case, see Section 3.

5.1. Spline interpolation

Proposition 5.1: Letn € N and 1 < p < co. Then As, provides (D,(p,p)) if
I/p<r<2n—1+1/p.

Proof: We simply refer to Lemma 4.4 and Proposition 5.1. O

Let us define I, == ((I3);, ... , (I3);), see (29). Then the following assertions
are consequences of Theorems 4.5 and 4.8.
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Corollary 5.2: LetneNand1l <p < oco.
(i) Let 1/p <r < 2n. Then we have

|1~ A(m,d, I,)|S5 ,B(RY) — Ly(RY)|| < 27 m@= VA=) e g (50)
(ii) In the limiting situation r = 2n we have
|1 — A(m,d, I,) |S33B(RY) — Ly(RY)| <27 m =D | m e Ny.

Proof: Step 1. Part (i) with 1 <p < oo and 1/p < r < 2n — 1+ 1/p follows from
Theorem 4.5 and Proposition 5.1. Theorem 4.8 and Corollary 3.2/(i) yield

11— A(m,d, 1) |5} ,BRY) — Ly ®R)| S 27 m @V, m e N,

ifl1<p<ooand1l/p<r<2n.For 1< p< oo we interpolate with respect to the
pair ( 71",1B(|Rd),SgO7OOB([Rd)). Since

S7,BRY = ST, BRY, S BRYy  and  Ly(RY) = [Li (RY), LRy,

0 =1—1/p, see [45], the estimate (50) follows from the interpolation property of
the complex method.

Step 2. Proof of (ii). We employ Theorem 4.8 in connection with Corollary 3.2.
O

Remark 1:

(i) Corollary 5.2 is an improvement of earlier results on spline interpolation on
sparse grids obtained by Sprengel and one of the authors, see [17].

(ii) In his recent book [48] Triebel proved the validity of D, (p,q) in case 1 <
p,q <ooand 1/p <r < 2n—1+1/p, but restricted to d = 2. Hence, there
is some hope to extend the Corollary 5.2(i) also to values of ¢ different from
p.

In the particular case n = 1 Corollary 5.2 can be supplemented in two directions,
namely by some more limiting cases and by an estimate from below. Obviously,

Ag = No(- + 1) satisfies (42).
Corollary 5.3: (i) Let 1 <p < oo and 1/p < r < 2. Then we have

11— A(m,d, 1) |85, BRY) — Ly(RY)]| = 27 m@=DO1/0) |y e .
(ii) Let 1 < p < oo and r = 2. Then we have
|1 —A(m,d, L) [S?H(RY) — Ly(RY)| <272 m?™, m e Ny.

Proof: Step 1. Proof of (i). The estimate from above is contained in (50).

Step 1.1. Let 1/p < r < 1+ 1/p. For the estimate from below we shall apply
Theorem 4.6. Since N> is Lipschitz continuous we may choose k = 1. The parameter
s can be chosen to be any positive number strictly less than 2. This leads to the
restrictions

1 2 1 1
- <r<—-4+1-=-=1+-
p p p p
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for 7.
Step 1.2. Now let 1 4+ 1/p < r < 2. We argue by contradiction. We assume

lim 2™ m~@=DA=YP) | T — A(m,d, I}) ys;j’pB(Rd) — Ly(RH|| =0.

m—0o0

More exactly, we had to argue with a subsequence of N in this formula. But the
arguments would be the same. So we omit this keeping notations simpler in that

way. Now we interpolate with respect to the pair (SAPB([Rd), S;:’pB([Rd)), where

I/p<ro<l4+1/p.Letri:=(1—-0)r+0ry. For | 0 and r¢ | 1/p we can always
guarantee 1/p < r; < 1+ 1/p. Complex interpolation, see [45], yields

17— A(m,d, 1) S5, B(RY) — Ly(RY)]
S = A(m,d, 1)|S; , B(RY) — Ly(R|I'°|11 = A(m, d, 11)[ S5, BR?) — Ly (RY)].

Hence

lim 2™~ @DOYP) | 1 — A(m, d, 1) |S5:, B(RY) — L,(RY)|| = 0.

m—00

Because of 1/p < r1 < 1+ 1/p this is in contradiction with Step 1.1.
Step 2. Proof of (ii). We have to combine Corollary 3.2 with Theorem 4.9. O

Remark 2: A final remark to sampling and interpolation on R%. In view of the
examples treated in (30) and (31) in would be interesting to clarify what is the
correct order of the error of the associated Smolyak algorithm’s. Of course, Theorem
4.8 applies and Theorem 4.5 does not.

5.2. Sinus Cardinalis

Using the Fourier-analytic definition (see Appendix A.1) of the spaces B, ,(R) and
Sg,qB(ﬂ?d), combined with Remark A1, we obtain (D,(p,q)) forr > 1/p,1 < ¢ < oo
and 1 < p < o0.

Corollary 5.4: Letl <p<oo,1<g<oo andl/p<r < oco. Then we have
|1 — A(m, d,sinc)|S5  B(RY) — Ly(RY)|| = 27 m@=DA=1D = e Ng. (51)

Proof: Theorem 4.5 yields the estimate from above. in case of the sinc-function.
In order to avoid the technical difficulties with an application of Lemma 4.2 one
may temporarily work with functions from C$°(RY). This gives (51), just by a
density argument. For the lower bound we first observe that (42) holds, since

sinc (t) — sinc (2t) = sinc (t)(1 — cos(7t)) >0, teR.

However, sinc does not have compact support. Checking the proof of Theorem 4.6
we have to modify the arguments in Step 2 and the estimate (44). Concerning the
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latter one observes

| fn = A(m,d, Q) fn | Lp(RY)]|

- H S @2y - 2k1)- ... - B(2izy — 2ky) ’Lp([—l,l]d)H
(,k)ET,
> 27 H > B —2k) - ... B2y — 2ka) | La (-1, 1]d)H
(J.k)ELn
L 212k 2d —2k,
2 3 [ ey [ ey
G F)ELn T TR
d

In the last step we used

27 —2k
inf{/ |®(y)| dy : j€N0,1§k§23_2}>0.
—2i -2k

It remains to estimate || fi, |S;7qB(IRd)||. This is an obvious consequence of the
Lizorkin representation, see Remark A7 in the appendix below. We obtain

r d rm d—1
1| S BRY)|| < 27mml*= 114,

which completes the proof. O

6. Interpolation on the cube

This section is devoted to the approximation of functions on the cube [0,1]¢ by
using only function values. For the definition of the used function spaces we refer
to Appendix B.

6.1. A general result on interpolation on the cube

To begin with we make use of the obvious fact that the restriction of a spline to
the cube is again a spline. By V,,,(A, (0,1)%) we denote the restriction of V,,(A) to
the cube (0,1)%, see (33).

Proposition 6.1: Letn € N. Let 1 < p < oo and 1/p < v < 2n. For all
f e sy,B((0, 1)%) there exists a spline g € Vi (Nan, (0,1)%) such that

f(z) = g(x) for all = € G(m, al)D
and
I f = g|Lp(RY)|| < 27 @ DOR) | #1180 B((0,1)%)],  m e No.

Proof: The assertion is an immediate consequence of Corollary 5.2 and Definition
B.1. We associate to f € S}, ,B((0, 1)4) an appropriate extension £f € Sng([Rd)

and define g := A(m,d, I,)Ef. O
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Remark 1: Of course, there are also counterparts of Proposition 6.1 in the lim-
iting situations. We omit details and refer to Corollary 5.2.

In general, A(m,d,fn)g f uses an infinite number of values of £f. This is not
appropriate. For this reason we need to slightly change our algorithm.

6.2. The Smolyak algorithm on the cube

We concentrate on interpolation on the grid g(m,d)D by splines belonging to
Vi (N2, (0,1)%). We define

23

Tif(t):=> f(k27)Aa(2t— k), teR, jeN,
k=0

for f € C([0,1]). The corresponding Smolyak algorithm will be denoted by
A(m,d,T)®. Compared with A(m,d, I ), defined in Paragraph 5.1, we obtain im-
mediately

Am,d, D) f(z) = A(m,d, [) f(z), =€ (0,1)%,

for all f € C(R) s.t. supp f C [0,1]¢. However, more important for us is the
following identity

A(m,d, T)7f(x) = A(m,d, L) Ef(z), = €[0,1]%, (52)
where £ f is any continuous extension of f. Our main result is the counterpart on

the cube of Corollary 5.3.
Theorem 6.2: (i) Let 1 <p < oo and 1/p <r < 2. Then we have

11— Alm.d. Y715}, B0, 1)%) — Ly((0.1)") | = 27 m( D00 ¢ g,
(ii) For 1 < p < oo it holds
17— A(m, d, 1) [STH((0,1)%) — Ly((0, )| S 27" ml"Y meNo. (53)

Proof: The estimates from above are consequences of the identity (52) and Propo-
sition 6.1. The estimates from below follow as in proof of Corollary 5.3 and Theorem
4.6, respectively. O

Remark 2:

(i) Bungartz and Griebel [6] have studied approximation from sparse grids as
in Theorem 6.2. In particular, they proved

17— A(m, d, 1) [H7,:0((0,1)7) — La((0, D)) S 272" m "D m e No.

(54)
In view of H2,,((0,1)%) = S5 5B((0, 1)4) (in the sense of equivalent norms,
see Proposition B.4), this coincides with (53). Let us mention that Bungartz
and Griebel also investigated two further interesting topics in this area,
namely, the error in the Lo-norm (for functions taken from HZ, ((0,1)%))

as well as the dependence of the constants, occurring in (54), on the dimen-
sion d.
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(ii) It is an open question whether the exponent of m in (53) is optimal.

(iii) In Theorem 6.2 the smoothness of the source space is limited to 1/p <
r < 2. In order to treat the case r > 2 one could use smoother compactly
supported interpolating scaling functions A(t) instead of the second order
cardinal B-spline N (¢). One possibility is the Dubuc/Deslauries wavelet
system, see for instance [29, Sect. 2.10]. Another promising approach could
be based on Kamont [49]. The paper provides general discrete characteri-
zations of Besov spaces in terms of sampled function values.

6.3. Sampling and approximation numbers

We recall two classical concepts of optimality, namely approximation numbers and
sampling numbers. Whereas the first concept deals with optimal approximation by
linear operators of a fixed rank, the second one deals with optimal approximation
by linear operators using a fixed number of function values.

6.3.1. Approzimation numbers

Let X and Y be Banach spaces s.t. Y < X. Then we define the n-th approxi-
mation number of the embedding operator I as

an(1,Y, X) ::inf{\|1—Ln|Y—>X\| . rank L, < n}

Proposition 6.3: Letr >0 and 1 <p < oco.
Then for m € N the relation

am (Iv S;,pB((()? 1)d)7 Lp((ov 1)d))

L [ogm) G 2<p <o,
= m™" (logm)@=1r

1 if 1<p<2

holds true.
Remark 3:

(i) A proof of Proposition 6.3 will be provided in [50]. The in order optimal
linear operators are hyperbolic cross type partial sums of some Fourier
wavelet expansion. Hence, these operators do not use function values, but
Fourier coefficients.

(ii) The approximation numbers of the embedding ST ; B((0, 1)4) — L1((0,1)%)
seem to be unknown. So far, we have an upper estimate if 1 < r < 2 (see
Thm. 6.2, Cor. 6.4). In the periodic case the corresponding upper estimate
is known for all r > 0, i.e.,

am (I, ST B(TY), L (T?) Sm "(logm) @~V | meN.  (55)

See for instance [19, Thm. 4,5] and [51] for the proof. However, the results
of Romanyuk [15, 16] indicate that the right-hand side in (55) is probably
the correct behavior.

(i) Let 1 < po,p1 < oo. Approximation numbers for embeddings
I Sy B(I") — Ly (T") or I : Sy H(T") — Ly, (T") have a certain
history, in particular in the Russian literature. We refer to [3], [4], [52]

and [13-16] and the references given there. Of course, we expect that the
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asymptotic behavior of these quantities for the periodic context coincide
with those for the non-periodic context.

6.3.2.  Sampling numbers

We follow [4, 4.5], but see also [53], [54], [22] and [19]. For fixed M € N we denote
by
M .
U (f,) (@) =Y F(&) ()

j=1

a general sampling operator for a class F' of continuous functions defined on (0, 1),
where

= {gl,...,gM}, g1, i=1,2,...,M,

is a fixed set of sampling points and v; : (0, N4 — C,j=1,...,M, are fixed
continuous functions. Then the quantity

pu(F, Lp((0,1)9) i=inf inf  sup || f = War(f,€)f [Lp((0,1)7)]
& Wu¥u | fIF|<1

measures the optimal rate of approximate recovery of the functions taken from
F. In [53], [54] and [22] these quantities are called sampling numbers of the
embeddings I : F — L,((0,1)%).

The sequence of operators A(m,d, f)D yields an upper bound for the asymptotic
decay of the sampling numbers pps(S; ,B((0, 1)9),L,((0,1)%)). Indeed, the

operator A(m,d, f)D takes only samples from the sparse grid
G(m,d)" = {(2*111@1, 27y fhi=m, 0< ki <20 =1, ...,d}.
The cardinality of G(m,d)" is easily checked. One has
M :=|G(m,d)"| = 2" m® !,

see e.g. [19]. Here ” <" has to be interpreted in the sense that the constants behind
it do not depend on m. Furthermore, we shall use the estimate

9—rm m(d—l)(l—l/p) S M—r(log M)(d—l)(r—i-l—l/p)

in order to see the upper bound in the following corollary.

Corollary 6.4: Let 1 <p<oo and 1/p <r < 2. Then the following relation
pa1(S,B((0,1)%), Ly((0,1)%)) S M~ (log M) DCH1-UD) - Ar e, (56)

holds true.
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Remark 4:

(i) Comparing approximation and sampling numbers we get
(S5, B((0,1)9), Ly((0,1)7))
an (S5, B((0,1)9), Ly((0,1)9))

(log M )(@-1)/2 i 2<p< oo,

M e N.

N

(log M)(d=D(1~1/p) if 1<p<2,

For 1 < p < oo the correct asymptotic behavior of the sampling numbers
pu seems to be an open problem. According to Remark 3/(ii) there is some
reason to expect pyy <apy ifp=1land 1 <r < 2.

(ii) The Smolyak algorithm uses samples of a very specific structure, see (1).
Corollary 6.4 and Proposition 6.3 tell us that we can not do much better
allowing arbitrary sets of sampling points since ap; < pps. The difference
is at most (log M)@=1/2,

(iii) The result in Corollary 6.4 is not very surprising since it is known in the
periodic setting; see [19, 20] as well as [4, 10, 55] .

(iv) In his new book [48, Thm. 4.15] Triebel established similar results for sam-
pling numbers in case d = 2 and 1/p < r < 1+ 1/p. For the spaces
Sy »B((0, 1)?) he obtained the same upper bounds as given here and he was
even able to shorten the gap between lower bound (approximation num-
bers) and upper bound in a particular situation. Namely, if 2 < p < oo and
1/p <r <1/2 then

p (S5 ,B((0,1)%), Ly((0,1)%)) 2 M~ (log M) —1/7

gives a slightly better lower bound than Corollary 6.4 . His treatment is
based on a characterization of S5 B((0,1)?) by a tensor product Faber sys-
tem. Let us mention that his method allows to treat also sampling numbers
for more general pairs like par (S5, . B((0,1)%), Ly, ((0,1)?)).

Appendix A. Function spaces on R¢

A.1. Besov type spaces on R and R?

Here we recall the definition and a few properties of Besov and Sobolev spaces
defined on R. We shall use the Fourier analytic approach. Let ¢ € C§°(R) be a

function such that ¢(¢f) = 1 in an open set containing the origin. Then by means
of

po(t) =p(t),  ¢j(t)=p277t)—p27), teR, jeN,

we get a smooth dyadic decomposition of unity. First we deal with Besov spaces.

Definition A.1: Let 0 < p,q < oo and s € R. The Besov space B;’q(ﬂ?) is then
the collection of all tempered distributions f € S&'(R) such that

[e.9]

1 £1B3,® = (322 | F e, FAC) 1L @)

Jj=0
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is finite (modification if ¢ = o0).

If ¢;, j € No, is a smooth dyadic decomposition on R, then by means of

03 =0 ®...®¢;,, = ja) €N,

we obtain a smooth decomposition of unity on R

Definition A.2: Let 0 < p,q < oo and r € R. Then the Besov space S;7qB(ﬂ?d)
is the collection of all tempered distributions f € S’(R%) such that

17155, BE)] = (3 2009 | 7 s FACIL R |9)

JENG

is finite (modification if ¢ = c0).

Remark A1: Lizorkin representations. As long as we restrict us to 1 < p,q <
oo we may replace ¢ in the above construction by the characteristic function of
the interval (—1,1) ending up with equivalent norms in Bj (R) and S}, B(R?),
respectively. We refer to [32, 2.5.4] for the isotropic case, to [18] for the dominating
mixed situation with d = 2, and to the remarks, given for the periodic case, in [19,
Lem. 10].

In a similar way one could introduce Sobolev spaces of fractional order. However,
here we prefer the interpretation as potential spaces.

Definition A.3: Let 1 <p < oo and s € R. The fractional Sobolev space H,(R)
is the collection of all tempered distributions f € S'(R) such that

L H (R == 7L+ [€17)2 FREIC)ILyR)]

is finite.

Detailed treatments of Besov as well as Sobolev spaces of dominating mixed
smoothness are given at various places, we refer to the monographs [56, 57], the
survey [58] as well as to the booklet [45].

Remark A2: 1If s =m € N then the spaces HI’)”([R) can be equivalently charac-
terized by the quantity

(Y I i ®p) (A1)
a=0

(see for instance [32]). In the sequel we shall denote by H™(R) the space HJ*(R)
normed with (Al).

The corresponding Sobolev spaces with dominating mixed smoothness are de-
fined as follows.

Definition A.4: Let 1 < p < oo and r € R. The fractional Sobolev space with
dominating mixed smoothness S H (R?) is then the collection of all tempered dis-

tributions f € &’(R%) such that

| ISy HER) = || 77 [f[u + 1P F ) ()| Lo(RY|

i=1
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is finite.

Remark A5: Ifr =m € N the space S H (R?) can be equivalently characterized
by the quantity

(3 107 A1, @) "

a<m

This is the original approach of Nikol’skij to function spaces of dominating mixed
smoothness, see [5]. For further historical remarks we refer to the monographs [56]

and [57].

A few further properties of spaces of dominating mixed smoothness are collected
in the following proposition. We always assume 1 < p,q < oo in the B-case and
1 < p < o0 in the H-case.

Proposition A.5:

(i) For all r € R we have the coincidence SyH(R?) = SQQB([Rd) (equivalent
norms).
(i) If r > 0, then S}, ,B(RY) < L,(R?) and SpH(R?) < Ly(R?).
(iii) If r > 1/p, then Sy B(RY) — C(RY) and S;H(RY) — C(R?).

A.2. Tensor products of Besov and Sobolev spaces

For 1 < p < oo we denote by ¢, the p-nuclear tensor norm. If p = 1 the symbol
01 denotes the projective tensor norm. For details we refer to [44] and [21]. The
following theorem is taken from [21]. We shall use the conventions S} ,B(R) :=
By ,(R) and Sy H(R) := H}(R), respectively.

Theorem A.6: Letd>1 andr € R.
(i) If 1 < p < 0o we have
By, (R) ®s, S:;,pB(Rd) - S;,pB(Rd) ®s, Byp(R)
=S} ,B(R™) (A2)

(i) and if 1 < p < o0
HJ(R) ®s, SyH(RY) = Sy H(RY) ®5, Hj)(R)
_Qr d+1
= Sy H(R)

in the sense of equivalent norms.

Remark A/: The above identities supplement the well-know relations
Ly(RY @5, Lp(R) = L,(RH1), (A3)

see e.g. [44].

As an immediate consequence of the above theorem, the fact that the involved
tensor product norms are uniform, and (A3) one obtains the following.
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Corollary A.7: Letd > 1 and let r € R.
(i) Let 1 < p < oco. Suppose Tj € L(B}, ,(R), Ly(R)), j =1,... ,d. Then the tensor
product operator T1 @ ... ® Ty belongs to E(S;p([Rd), L,(RY)) and the inequality

d
I Ty & ... & Tu|S;,BRY — LR < [] 117 1B, (®) - Ly(R)]|
j=1

holds.
(ii) Let 1 < p < oo. Suppose Tj € L(H,(R), Lp(R)), j =1,...,d. Then the tensor
product operator Ty @ ... ® Ty belongs to L(S,H (RY), L,(RY)) and the inequality

d
IT1® ... ® Ty SpHRY — LR < [] 173 H®) — Ly(R)]|
j=1

holds.

A.3. B-splines and associated spline-wavelet bases

Most of the material on B-splines can be found in [37, 4.2].
Let n = 1, 2,.... Let X denote the characteristic function of the interval [0, 1].
Then the n-fold convolution of this function &

Na(t) = (Ko * -+ * X)) (1),

is called the cardinal B-spline of order n. We collect a few properties:

(1)  suppN, = [0,n] and Y, Np(0) =1;
(2) N, is a piecewise polynomial function more exactly, the restriction of A,
on intervals [k, (k+ 1)], k € Z is a polynom of order at most n — 1;

(3) Mo Bl (®)

(4) FNu(©) = S e ™2 CH )™

(5) (]—'N) J(2rk) =0, falls k € Z\ 0, £ =0,1,...,n— 1.

(6) The refinement equation. The Fourier transform of the B-splines satisfies

the following relation

Nu(26) = mn(&) FNR(E)  with  mp(€) :=2"" ) (”) 16

=0 M

Son(t) = 7]:—1[ — f/\fn(f) - 2} (t), te [R,

(> |an(§+2wk)]2)/

k=—o00

we obtain an orthonormal scaling function which is again a spline of order n.
Finally, by

o0

Ua(t) = > (eny/2),0n(y — k) (=1)* @n(2t + k +1)

k=—0o0
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we obtain the generator of an orthonormal wavelet system. For n = 1 it is easily
checked that —1(t — 1) is the Haar wavelet. In general these functions v, have
the following properties:

(7) 1y, restricted to intervals [%, k1] 'k € Z, is a polynomial of degree at most

n — 1. ’
(8) Yp € C"2(R) if n > 2.
(9) 1#53172) is uniformly Lipschitz continuous on R if n > 2.
10) There exist positive numbers 7,, and sequences (cg)x and (dj) such that

(

n(t) = DY N2t —k),  No(t)= D drpn(t—k), teR,
k=—oc0 k=—o00
and
sup (|ex| + |di]) e™* < 0o and max _sup | (#)]e™ < oo,
kez 0<l<n—2 4R

(11) The functions 1, satisfy a moment condition of order n — 1, i.e.

oo
/ t () dt =0, (=0,1,...,n—1.
— 0o
It will be convenient for us to use the following abbreviations:

UiR(t) =t —k)  and g () == 202, (20t — k)

where t € R,k € Z and j € Ng. Based on this, we define the tensor product system
by

(@, wa) = 5 g (1) W (ra) @ €RYjENG Rk ezt

A.4. Spline wavelets and the discretization of Besov spaces

Let us consider the mappings

Ry o f= {00k -

and

Ry oo fr= (G905 0)50

To formulate the results from [21] we need the following sequence spaces.

Definition A.8: Let 0 <p < oo.
(i) We put for r € R

oo o0

bp = {(aj,k)j,k cC: Jalbyll:= (Z DO ARERL ,ajﬁk,py/p - OO}

§=0 k=—c0
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(modification if p = c0).
(ii) Furthermore, let r € R, and

b= {(ai,—ﬁ)jﬁ,—c CC:llalsip] = ( 33 alihtri=w \a—,y,;\p)l/p < oo}.

JENE kez?
The following important result is due to Bourdaud [59], but see also Cohen [29]
and Lemarie and Kahane [60].

Proposition A.9: LetneN, 1 <p<ooand —n+1/p<r<n-—1+1/p.
Then the mapping R, generates an isomorphism of ng([R) onto by,.

Counterparts for spaces with dominating mixed smoothness can be found in Ka-
mont [61], Oswald [12] and [21]. For the following we refer to [21].

Theorem A.10: Letd>1,1<p<ocand —n+1/p<r<n-—1+1/p. Then
the mapping Ry, is an isomorphism from S;@B([Rd) to spb.

A.5. Atomic decompositions

We essentially follow [45]. For £ € N¢ and m € Z¢ we denote by Qg the rectangle

with center (27%my, ...,27%my) and sides parallel to the coordinate axes of length
I

Definition A.11: Let n € N. A function a € C" }(R?) is called an n-atom
centered at Q7 if

(1) (i) suppa € Qg
(2) (ii) All its distributional derivatives D%a, a; < n,i = 1,... ,d are integrable

functions and satisfy the inequalities

sup |D%(x)| < 200
z€R4

The following result is a slightly modified version of [45, Thm. 2.4/(i)].

Theorem A.12: Let1<p<oo and 0 <7 <n. If A:={A;;}icns meze € Spb
and ag z; are n-atoms centered at Qg z,, then

Z Z A2 O

ZeNd mezd
converges in S'(R%), its limits f belongs to the space S;’pB(ﬂ?d) and the inequality
£S5, BRI < e [[ {2792 Az 7 Yo ml 30 (A4)

holds with some constant c independent of X and {ag}7 7 -

Proof: In comparison with [45] we have weakened the definition of the atoms.
Vybiral has worked with C™ functions. However, the present version is still sufficient
without changing the proof, see in particular Step 2 of the proof of Theorem 2.4
in the quoted paper. O
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Remark A5: If one replaces condition (i) in Def. A.11 by
(i)’ suppa € C Qg ,

where C' is a general positive constant (and C @ denotes the cube with the same
center as (), the sides are parallel to the axes but have length C' times the side
length of @), then inequality (A4) remains true with a new universal constant ¢

Appendix B. Function spaces on (0,1)¢

B.1. Definitions

Definition B.1: Let 1 <p,q < oo and r > 0 then S}  B((0, 1)9) is the space of
all f € L,((0,1)) such that there exists a g € Sg’qB([Rd) satisfying f = g[(o,1ye. It
is endowed with the quotient norm

14185, B0, 1)) | = inf{ 9|5, BEROI| + gl = f}-

For m € Np let us also define the spaces H™(0,1) and H™, ((0,1)%).

Definition B.2: Let m € Np.

(i) The space H™(0,1) is the collection of all m-times weakly differentiable
L5 (0, 1)-functions such that

m

m o 1/2
LA™, D1 = (3 1D 122((0, 1))
a=0
is finite.
(ii) The space H™, ((0,1)%) is the collection of all La((0,1)%)-functions such
that

I (CRVOT I O S P PO
2

is finite. Here DY f has to be understood in the distributional sense.

Next we turn to intrinsic descriptions.

B.2. Intrinsic characterizations

Let f:(0,1)? — C. For m € No, h € Rand i € {1,...,d} we define the (directional)
difference operator AZ?Z- by

hal () =

j;o(—l)j (F)F (@1, (m = )b, 2a) + (Q) holds B1)
0

: otherwise
Here (Q) is satisfied, if, and only if,

(21, .., zi + Ch, ..., xq) € (0,1)¢, £=0,..,m.
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We are interested in intrinsic characterizations using mixed directional moduli of
smoothness of type

PO F, )y = e (A 00 A Y F(+) [Ly((0, 1))
z:l_n

Here A = {ay,...,an} C {1,...,d} denotes a non-empty set of “directions”.

The following theorem will be published in a forthcoming paper of the sec-
ond named author, [62]. It gives an intrinsic characterization of Besov spaces of
dominating mixed smoothness on the cube.

Theorem B.3: Letl1 <p,g<oo,r>0,0<G<1andr <m € N. Then the
space S, ,B((0,1)%) is the collection of all functions f € Ly((0,1)%) such that the
quantity

11554 B0, D> = [[£1L,((0, 1))

/ dt;  dt, Y7 (B2)
[/ /tqu---t 4., m(01 (Fitr, o tn)lot . 20
0

P
Ac{l, d ot
A£D
is finite. Moreover, | - |S; ,B((0, D)2 represents an  equivalent norm in

Sy B((0,1)%).
Remark B1: (i) Of course, the main term on the right-hand side of (B2) is given

by
5B
~ dt,  dty 1"
R A S mOI)d e tg)d — - =2 .
[/ /1 d 1 d (f 1 d)p tl td
0 0

However, the lower order terms related to sets A, |A| < d, can not be ignored.
(ii) Another proof of (B2), but restricted to d = 2, has been given in the monograph

[48, Thm. 1.67).
Finally, we compare H™, ((0,1)%) with S35 B((0, 1)9).

mix

Proposition B.4: Let m € N. Then we have the coincidence

S5 B((0,1)%) = Hyip((0,1)7)

in the sense of equivalent norms.

Proof: For d = 2 a proof has been given in [48, Thm. 1.67]. This method extends
to the case of general d. O

B.3. Tensor products of function spaces on the cube

Defining spaces on cubes by restrictions allows a more or less immediate transfer
of Theorem A.6. As in Subsection A.2 we shall use the conventions S} ,B(0,1) :=
By ,(0,1) and SpH(0,1) := H(0,1), respectively.

Theorem B.5: Letd>1 and r € R.
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(i) If 1 < p < oo we have

By ,(0,1) ®s, S;,B((0,1)%) = 7 B((0,1)%) ®s, By,,(0,1)
r d+1
=S, ,B((0,1)%)

(i1) and if 1 <p < 00

H7(0,1) ®5, SpH((0,1)%) = SyH((0,1)%) &5, Hj,(0,1)
= SpH((0,1)™1)

in the sense of equivalent norms.

Proof: We concentrate on the proof of (i). The proof of (ii) follows by the same
type of arguments. First we deal with the most simple case d = 1 and p = 1. For
the case d > 1 we iterate the following arguments.

Step 1. Let € > 0 be given. Let h be an element of the algebraic tensor product
B11(0,1) ® BT 1(0,1) s.t.

n

h(xvy):Zfl(x)gl(y)7 fhgieBil(Ovl)a t=1,...n,
i=1

and

61(h7 B{,1(07 1)7 I,l(()? 1)) < Z H fl ’B;,p(07 1)” H gi ‘B;,p(oa 1)“
=1

< 51(h7BI,1(0a1)7 {,1(071))—’_6'

Then, there exist appropriate extensions £f;, £g; € By ,(R) such that

9

max;(1, || gi [ B 1(0,1)]])
9

n max;(1, || fi|B]1(0, 1))

1/l BLa O, DI < (1€ £ BRI < (1 fi | BLa (0, D + -

19i [B11 (0, D] < [[€9: [B1 1 (R < [ i [B1,1(0, ]| +

Of course, Y " | £f; ® Eg; is an extension of h and we will denote it by Eh. This
implies

51(ER, BT 1(R), B11(R) < D I €£i 1B, (Rl | €9 | By, (R)]

i=1
< 61(h, B}, (0,1), B} ,(0,1)) +3c+¢*.  (B3)
Let u;,v; € B’f’l([R) s.t. Eh = 37" u; ® v;. The restrictions of u; and v; to (0,1)

we denote by rewu; and rev;, respectively. By definition of the norm || - | B ;(0, 1)||
we conclude

d1(h, B1,1(0,1), B11(0,1)) < 61(ER, By 1(R), B 1(R)).- (B4)

Hence, combining (B3) and (B4), we find 6;(h, B7;(0,1),B7,(0,1)) =
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61(Eh, BT 1(R), BY 1(R)). Moreover, by using Theorem A.6 we get

17187, B((0, 1)) < || Er[ST1 B[R]
= 51(8h7 B{,I(R)v I,l([R)) =01 (h, BI,1(07 1)7 {,1(07 1))

for all h € By ;(0,1) ® B{;(0,1).
Step 2. This time we start with h € ST, B((0, 1)?). For all € > 0 there exists an
extension £h of h such that

IR [STL B0, D) < || R[Sy BR?)| < [|A]ST1B((0,1)*)] +e.

Then, using again Theorem A.6 and the density of the algebraic tensor product,
there exists an element (£h). € BT ;(R) @ Bf ;(R) s.t.

1€RB11(R) @5, BT 1(R)[| —& < 61((€R)e, B 1(R), B 1 (R))
< |[[€R|B11(R) ®5, By (R)|| +¢.

We put h. :=re(Eh).. Then

61(he, B1 1(0,1), BY 1(0,1)) < 81((ER)e, BT 1(R), By 1(R))
= || (En)e 1ST,1B((0,1)?)]
= || En ST B((0,1)%)]
< cl|h|ST1B((0,1)%)]

for € being sufficiently small. Here ¢ does not depend on h. We complete the proof
by obvious density arguments.

Step 3. Let 1 < p < oo. The same strategy applies but with a few technical
changes since we have to work with the p-nuclear norm now. We omit details. O

References

(1]

E. Novak and H. WozZniakowski Tractability of multivariate problems. Vol. I. Linear information.,
EMS, Ziirich, 2008.

E. Novak and H. Wozniakowski Tractability of multivariate problems. Vol. II. Standard information
for functionals., EMS, Ziirich, 2010.

V. Tikhomirov, Approximation theory, in Encyclopaedia of Math. Sciences 14, Springer, Berlin, 2000.
V.N. Temlyakov Approximation of periodic functions, Nova Science, New York, 1993.

S.M. Nikol’skij Approzimation of functions of several variables and imbedding theorems, Springer,
Berlin, 1975.

H.J. Bungartz and M. Griebel, Sparse grids, Acta Numerica (2004), pp. 1-123.

D.B. Bazarkhanov, Approxzimation of classes of functions with dominating mized differences by
wavelets, Reports Nat. Acad. Kazakhstan 2 (1995), pp. 25-31.

, Approximation of classes of functions with dominating mized differences by wavelets, in
Contemporary questions in the theory of functions and function spaces, Vol. VI, Univ. of Karaganda,
Karaganda, 2000, pp. 16-30.

, Equivalent (quasi)normings of some function spaces of generalized mized smoothness, Proc.
Steklov Inst. 248 (2005), pp. 21-34.

D. Zung, Optimal recovery of functions of a certain mized smoothness, Vietnam Journ. of Mathem.
20 (1992), pp. 18-32.

M. Griebel, Sparse grids and related approximation schemes for higher dimensional problems, in
Foundations of computational mathematics (FoCM05), Santander, L. Pardo, A. Pinkus, E. Suli and
M. Todd, eds., Cambridge University Press, Cambridge, 2006, pp. 106—161.

P. Oswald, On N-term approzimation by Haar functions in H?®-norms, in Metric function theory
and related topics in analysis, S. Nikol’skij, B. Kashin and A. Izaak, eds., AFC, Moscow, 1999, pp.
137-163.

A.S. Romanyuk, Best approzimation and widths of classes of periodic functions of several varibles,
Sbornik Math. 199 (2008), pp. 93-114.




48

[14]

REFERENCES

s Approzimability of the classes By, , of periodic functions of several variables by linear methods
and best approzimation, Sbornik Math. 195 (2004), pp. 91-116.

, Linear widths of the Besov classes of periodic functions of many variables. II, Ukrain. Math.
Journ. 53 (2001), pp. 965-977.

, Linear widths of the Besov classes of periodic functions of many variables. I, Ukrain. Math.
Journ. 53 (2001), pp. 744-761.

W. Sickel and F. Sprengel, Interpolation on sparse grids and Nikol’skij-Besov spaces of dominating
mized smoothness, J. Comp. Anal. Appl. 1 (1999), pp. 263-288.

H.J. Schmeifler and W. Sickel, Spaces of functions of mized smoothness and their relations to ap-
prozimation from hyperbolic crosses, JAT 128 (2004), pp. 115-150.

W. Sickel and T. Ullrich, The Smolyak algorithm, sampling on sparse grids and function spaces of
dominating mized smoothness, East Journal on Approx. 13 (2007), pp. 387-425.

T. Ullrich, Smolyak’s algorithm, sampling on sparse grids and Sobolev spaces of dominating mized
smoothness, East Journ. on Approx. 14 (2008), pp. 1-38.

W. Sickel and T. Ullrich, Tensor products of Sobolev-Besov spaces and applications to approximation
from the hyperbolic cross, JAT 161 (2009), pp. 748-786.

A. Hinrichs, E. Novak, and J. Vybiral, Linear information versus function evaluations for La-
approzimation, JAT 153 (2008), pp. 97-107.

P. Oswald Multilevel finite element approzimation, Teubner-Skripten zur Numerik Teubner, 1994.
S. Ries and R.L. Stens, Approximation by generalized sampling series, in Constructive Theory of
Functions Publishing House of the Bulg. Acad. Science, Sofia, 1984, pp. 746-756.

K. Jetter and D.X. Zhou, Order of linear approximation from shift-invariant spaces, Constr. Approx.
11 (1995), pp. 423-438.

H.J. Schmeifler and W. Sickel, Sampling theory and function spaces, in Applied Math. Reviews, Vol.
1 World Scientific, Singapore, 2000, pp. 205-284.

K. Jetter, Multivariate approximation: a view from cardinal interpolation, in Approximation Theory
VII, Austin, TX Academic Press, Boston, 1993, pp. 131-161.

Y. Meyer Wavelets and operators, Cambridge Univ. Press, Cambridge, 1992.

A. Cohen Numerical analysis of wavelet methods, Elsevier, Amsterdam, 2003.

H. Triebel Function spaces and wavelets on domains, EMS Publ. House, Ziirich, 2008.

J. Peetre New thoughts on Besov spaces, Duke Univ., Duke, 1976.

H. Triebel Theory of function spaces, Birkhduser, Basel, 1983.

M. Frazier and B. Jawerth, A discrete transform and decomposition of distribution spaces, J. Func-
tional Anal. 93 (1990), pp. 34-170.

R. DeVore and G. Lorentz Constructive approximation, Springer, Berlin, 1993.

W. Ziemer Weakly differentiable functions, Springer, New York, 1989.

C. Bennett and R. Sharpley Interpolation of operators, Academic Press, Boston, 1988.

C.K. Chui An introduction to wavelets, Academic Press, Boston, 1992.

W. Engels, E.L. Stark, and L. Vogt, Optimal kernels for a generalized sampling theorem, JAT 50
(1987), pp. 69-83.

P.L. Butzer, W. Splettstofler, and R.L. Stens, The sampling theorem and linear prediction, Jahres-
berichte Dt. Math.-Verein. 90 (1988), pp. 1-70.

W. Sickel, Characterization of Besov-Triebel-Lizorkin spaces via approzimation by Whittaker’s car-
dinal series and related unconditional Schauder bases, Constr. Approx. 8 (1992), pp. 257-274.

S.A. Smolyak, Quadrature and interpolation formulas for temnsor products of certain classes of func-
tions, Dokl. Akad. Nauk 148 (1963), pp. 1042-1045.

V. Barthelmann, E. Novak, and K. Ritter, High dimensional polynomial interpolation on sparse grids,
Adv. in Comp. Math. 12 (1999), pp. 273—288.

G. Wasilkowski and H. WozZniakowski, Ezplicit cost bounds of algorithms for multivariate tensor
product problems, J. of Complexity 11 (1995), pp. 1-56.

W.A. Light and E.W. Cheney Approzimation theory in tensor product spaces, Lecture notes in math-
ematics Springer, Berlin, 1985.

J. Vybiral, Function spaces with dominating mized smoothness, Diss. Math. 436 (2006), p. 73 pp.
F.J. Delvos and W. Schempp Boolean methods in interpolation and approrimation, Longman Scientific
& Technical, Harlow, 1989.

T. Ullrich, Function spaces with dominating mized smoothness; Characterization by differences, Je-
naer Schriften zur Mathematik und Informatik Math/Inf/05/06 (2006).

H. Triebel Bases in function spaces, sampling, discrepancy, numerical integration, EMS Publ. House,
Ziirich, 2010.

A. Kamont, A discrete characterization of Besov spaces, Approx. Theory and Appl. 13 (1997), pp.
63-77.

M. Hansen and W. Sickel, Approzimation from the hyperbolic cross and approximation numbers of
embeddings of Besov-Lizorkin-Triebel spaces of dominating mized smoothness., in preparation (2010).
W. Sickel and T. Ullrich, The Smolyak algorithm, sampling on sparse grids and function spaces
of dominating mized smoothness, Jenaer Schriften zur Mathematik und Informatik Math/Inf/14/06
(2006).

E.M. Galeev, Widths of the Besov classes B;’Q(Td), Mat. Zametki 69 (2001), pp. 656-665 in Russian;
engl. transl. in Math. Notes 69, No. 5, 605-613 (2001).

E. Novak and H. Triebel, Function spaces in Lipschitz domains and optimal rates of convergence for
sampling, Constr. Approx. 23 (2006), pp. 325-350.

J. Vybiral, Sampling numbers and function spaces, J. of Compl. 23 (2007), pp. 773-792.

V.N. Temlyakov, Approxzimate recovery of periodic functions of several variables, Mat. Sbornik 128
(1985), pp. 256—268.

T.I. Amanov Spaces of differentiable functions with dominating mized derivatives, Nauka Kaz. SSR,
Alma-Ata, 1976.




REFERENCES 49

[57] H.J. Schmeifler and H. Triebel Topics in Fourier analysis and function spaces, Wiley, Chichester,
1987.

(58] H.J. Schmeifler, Recent developments in the theory of function spaces with dominating mized smooth-
ness, in Proc. Conf. NAFSA-8,J. Rakosnik ed., Inst. of Math. Acad. Sci., Prague, 2007, pp. 145-204.

[59] G. Bourdaud, Ondelettes et espaces de Besov, Rev. Matem. Iberoam. 11 (1995), pp. 477-512.

[60] G. Lemarie and J. Kahane Fourier series and wavelets, Gordon and Breach, 1995.

[61] A. Kamont, On hyperbolic summation and hyperbolic moduli of smoothness, Constr. Approx. 12
(1996), pp. 111-126.

[62] T. Ullrich, Function spaces with dominating mized smoothness on domains; Characterization by
differences, (2010), in preparation.



