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Haar projection numbers

Tino Ullrich (Hausdorff-Zentrum, Uni Bonn) Haar Projection Numbers Tsaghkadzor, September 2015 2/35



The Haar basis

h(x)

N|—=
—_

-1

@ The univariate Haar wavelet system
hik(x):=h(Zx—k) , jkeZ.
o The system {2/2h; ;}; « is an orthonormal basis in L»(R)
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An unconditional basis in L,

@ In contrast to the trigonometric system {e*},cz the Haar wavelet
system is an unconditional basis in L, for p # 2

Theorem (Marcinkiewicz '37, Paley '32)
Let1l < p < o0.

(i) The Haar system {h; }; kez is an unconditional basis in Ly(R).
(ii) There exist constants 0 < ¢ < C such that

elifll < | (S| 24F Anaia] )| < €Ul

JEZ keZ

@ The statement does neither hold in case p =1 nor p = oo !
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100 years of Haar and spline bases

1909 Faber, Uber stetige Funktionen

1910 Haar, Zur Theorie der orthogonalen Funktionensysteme

1910 Haar, Uber die Orthogonalfunktionen des Herrn Haar

1927 Schauder, Zur Theorie stetiger Abbildungen in Funktionalraumen
1928 Schauder, Eine Eigenschaft des Haarschen Orthogonalsystems
1932 Paley, A remarkable series of orthogonal functions

1937 Marcinkiewicz, Quelques théoremes sur les séries orthogonales

1973 Triebel, Uber die Existenz von Schauderbasen in Sobolev-Raumen
1978 Triebel, On Haar bases in Besov spaces

1976 Ropela, Spline bases in Besov spaces

1995 Bourdaud, Ondelettes et espaces de Besov

1997 Kamont, A discrete characterization of Besov spaces

1998 DeVore, Konyagin, Temlyakov, Hyperbolic wavelet approximation

2010 Triebel Discrepancy, numerical integration, and hyperbolic cross
approximation
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More history

o () Y (05 ) B (8 R 81)
p#2
Fourier no basis (Bois-Reymond | no basis (Lebesgue | orth. basis (Fischer, | basis (M. Riesz
1873) 1909) Riesz 1907) 1927), no uncond.
system basis (Karlin 1948)
Walsh / no basis (Fine 1949) orth. basis (Walsh 1923) basis (Paley 1932),
no uncond. basis
system (Karlin 1948)
Haar / basis (Schauder 1928) orth. basis (Haar 1910) basis (Schauder
1928), wunc. basis
System (Marcinkiewicz
1937)
Faber- basis (Faber 1909, 10), | / / /
Schauder 1927
Schauder
system
Franklin basis (Franklin 1928) basis (Cieselski | orth. basis (Franklin | basis (Cieselski
1963/66), basis in Hj 1928) 1963), unc.  basis
System (Wojtaszctyk 1982) (Bochkarev 1974)
General no unc. basis (Karlin no unc. basis (Pelczyriski many nonequiv. cond.
1948) 1960, 61) bases (Babenko.1948)
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Smoothness spaces

@ Sobolev regularity, 1 < p < oo, s €R
1 llwsry = IF I+ E2)*2F Al
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Smoothness spaces

@ Sobolev regularity, 1 < p < oo, s €R
1 llwsry = IF I+ E2)*2F Al

o lterated differences, m > s

A?f(x) = f(x + 2h) — 2f(x + h) + f(x)
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Smoothness spaces

@ Sobolev regularity, 1 < p < oo, s €R
1 llwsry = IF I+ E2)*2F Al

o lterated differences, m > s

A?f(x) = f(x + 2h) — 2f(x + h) + f(x)

e Besov regularity, 1 < p,qg < o0, s > 0,
1
dt\1/q
IFlls, = 1+ ([ €7 sup A7 7))
P,q p 0 |h|§t h p t

o Fourier analytical approach, s € R

o0

: /
IFles, = (3527 ll0; F1g)

j=0

Tino Ullrich (Hausdorff-Zentrum, Uni Bonn) Haar Projection Numbers Tsaghkadzor, September 2015

7/35



The Haar basis in B;q

Theorem (Triebel '73, '78)

Letl<p,g<ooandl/p—1<s<1/p.

(i) The system {h;j }jen_, kez is an unconditional basis in B;, ,(R)
(ii) There exist constants 0 < ¢ < C such that

cliflles, < [ 3 26-1ma( Y e, myaol?) "] < Cilfles,

j=-1 keZ
s
1 N
@ The condition
1 1/p—1<s<1/p is sharp!
17 o he BYP e q=
-1
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The Haar basis in Fps’q

Theorem (Triebel '10)

Let1 < p,q < oo and max{—1/p’,—1/q'} <s <min{l/p,1/q}.
(i) The system {h;k}jen_, kez is an unconditional basis in Fj ,(IR)
(ii) There exist constants 0 < ¢ < C such that

1/q
0Jsq J(
eliflles, < |( 32 27| 2tk mniu] ) || < CllFleg,
JEN_1 kEZ
i
s
11 . . . <
4 o shaded region: situation for H;
% » : where g = 2
1
1 o h¢ FlP(R)
P .

1 1 @ Problem: What happens in
202 the question-marked region ?
-1
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A negative result

Theorem (Seeger, U. 2015)

Let 1 < p < co. The Haar system {h; i }jen_, kez is an unconditional
basis in W5(R) if and only if

max{—1/p’,—1/2} < s < min{1/p,1/2}.

Nl

+
—
T I

(NI

Figure: Haar basis for Sobolev
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A negative result

Theorem (Seeger, U. 2015)

Let 1 < p < co. The Haar system {h; i }jen_, kez is an unconditional
basis in W5(R) if and only if

max{—1/p’,—1/2} < s < min{1/p,1/2}.

s s
1 1
; Z
_|_
T ] L1
1 P 1 P
L +
2 J—
—1 -1
Figure: Haar basis for Sobolev Figure: Haar basis for Besov
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Unconditional bases

Definition

Let X be a Banach space. Any biorthogonal system (x,, x;) with a
countable index set A is an unconditional basis in X if

@ span{xp}p =X

@ There exists a constant C > 0 such that for every x € X and every
finite index set B C A

| 2 50

neB

< Clixllx
X

@ In other words: the norm of any projection

Pg(x) = Z X7 (x)xn

neB
is bounded by C
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Haar projections

o We denote by HF(h; x) the Haar frequency 2/ of h;
o Let E C {hj}jen_, ez be a finite subset of the Haar system
@ The corresponding Haar projection Pg is given by

PE(f) = Z 2j<f, hj,k>hj,k
hj’kGE
o HF(E) :={HF(hjx) : hj«x € E}

S
1

1
2

+
-
T

Nl

Figure: Haar basis for Sobolev
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A quantitative version

o Let A= {2k : k >0} be an arbitrary set with #A > 2N

Lemma

There are sets E, F with HF (E), HF(F) C A such that
(a) Upper triangle. if1 < p<2<ooand1/2 <s<1/p then

HPE”W;HWE e oN(s—1/2) 7

(b) Lower triangle. if2 < p < oco. If =1/p' < s < —1/2 then

IPEllws—ws 2 2ME1/279)

@ There are also endpoint versions s =1/2, s = —1/2

@ More general result on Triebel-Lizorkin spaces

Tino Ullrich (Hausdorff-Zentrum, Uni Bonn) Haar Projection Numbers Tsaghkadzor, September 2015

13 /35



Haar projection numbers

o G(X,A) = sup {||Pe|lx_x : HF(E) C A}
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Haar projection numbers

° G(X,A) = SUP{HPEHXax :HF(E) C A}
o Haar projection numbers

T(XA) = sup {G(X, A) : #A < A},
(X A) = inf {G(X, A) : #£A > A}
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Haar projection numbers

° G(X,A) = SUP{HPEHXax :HF(E) C A}

o Haar projection numbers
T(XA) = sup {G(X, A) : #A < A},
Y(X; N) = inf{g(X,A) CH#A> N}

Theorem (Seeger, U. 2015)
(i) Forl<p<qg<oo, 1l/g<s<1/p,

1
’y*(F;’q;/\) ~ ’y*(F;’q; N =N"a.

(i) Forl< g<p<oo, —1/p <s< —1/q¢,

_1_
’Y*(Fs,q; A) =~ ’y*(Ffiq;/\) ~N 7%,
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Haar projection numbers
o G(X,A) =sup{||Pelx—x : HF(E) C A}
o Haar projection numbers
~¥*(X; N\) = sup {Q(X,A) CHA <N},
Y(X; N) = inf{g(X,A) CH#A> N}

Theorem (Seeger, U. 2015)
(i) Forl<p<qg<oo, 1l/g<s<1/p,
1
’y*(F;’q;/\) ~ ’y*(F;’q; N =N"a.

(i) Forl< g<p<oo, —1/p <s< —1/q¢,

_1_
’Y*(Fs,q; A) =~ ’y*(Ffiq;/\) ~N 7%,

e Endpoint case: 7, and ~* differ, but grow in log A
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A probabilistic argument

o N<#A+1, 2N < #A < 2N+1
e ri,j=1,2,3,..., system of Rademacher functions
e For t; € [0, 1] define
2/—-1
Tog(x) ZZGHZ? jgis &) hju(X)

2/eA

e Testfunctions, t € [0,1]

e = Y r(t2)2” Mo,
2keA

Using Khinchine’s inequality

]‘ /
¢ dry) " > QM)

1 1
([ [ 1l
0 0 p,q

Tino Ullrich (Hausdorff-Zentrum, Uni Bonn) Haar Projection Numbers Tsaghkadzor, September 2015 15 / 35



Numerical integration
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Kink functions

o Computational finance: “kink functions”, e.g.

g(t) = [t — 1/2] oder g(t) = |sin(t)

@ Multivariate: “axis parallel kinks" tensorization of univariate kinks
f Xl, ey X Zg/ Xl (Xd)

o Mixed Sobolev-regularity: f € H3/2—°"

e Approximation of /(f) = f[o 1 f(x) dx with cubature formula

N
n(F) = Aif(x'
i=1

e How does the error |I(f) — Qn(f)| decay?
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Integration error kink functions

Dimension d = 4 Dimension d = 5
LA 1 A1 0 1 1 111 1 =L B 1 1 1 1 S L L

Lod

1073

1077

relative integration error
relative integration error

1076 1077

1076

—— Order 2 net | —e— Order 2 net \ 1
-7

F|--- Rate N~2(log N)4—1 1 10 - - - Rate N~2(log N)4—!
102 bl ol ol cond ol ol ol ol el ool o ool d ol ol ol ol T
100 10 102 10° 10* 10° 10% 107 10° 10t 102 10®° 10* 10° 108 107
Number of nodes N Number of nodes N
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Mixed Besov regularity
o Plots:
[(F) = Qu(F) ~ N~2(log N)*~*

@ Where does this rate come from?
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Mixed Besov regularity

@ Plots:
|1(f) — Qu(F)| ~ N~*(log N)7~*

@ Where does this rate come from?

o Besov regularity, because f € 5127qB with g = oo
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Mixed Besov regularity

o Plots:

[1(F) = Qu(f)| ~ N ?(log N)?~!
@ Where does this rate come from?
o Besov regularity, because f € 5127qB with g = oo

@ Principle:

“Sacrifice” integrability and “gain” regularity
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Mixed Besov regularity

o Plots:
[1(F) — Qu(F)| ~ N~>(log N)I~*
@ Where does this rate come from?
o Besov regularity, because f € 5127qB with g = oo
@ Principle:
“Sacrifice” integrability and “gain” regularity
@ Minimal worst case error
|nt/\/(Fd) = inf sup |/(f) — AN(XNa f)| .
XnAnFeF,
e Goal: Inty(Fy) fir mixed Besov-spaces F, := Sp.qB and mixed

Sobolev spaces S, W
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Multivariate functions - mixed Besov regularity

@ lterated differences
A2f(x) := f(x + 2h) — 2f(x + h) + f(X)

@ The Besov norm in case d = 2

! 1/q
£l = o+ ([ £ sup AT 1Y)
0 [h|<t

! 1/q
+ t~" sup ||A7SF
() e s 1agar15%)

P dt; dtro\1/a
F([ [ ame sup ag 8801551 %2)

[h|<t1
[ha|<t
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Optimal QMC

@ Rn(Dp; f) :==I(f) — In(Dp; f) ... quasi-Monte Carlo error

@ D, order-2-digital net with N = 2" points, Dick, Pillichshammer

Theorem (Hinrichs, Markhasin, Oettershagen, U. '15)

Let 1/p < r < 2. Then

Intn(S) oB(T9)) < sup  |Rn(Dp; F)| < N~"(log N){¢~D~1/a)
’ fess ,B(T9)

@ Restriction on the smoothness r < 2 due to the use of the
Faber-Schauder system
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Optimal QMC

@ Rn(Dp; f) :==I(f) — In(Dp; f) ... quasi-Monte Carlo error

@ D, order-2-digital net with N = 2" points, Dick, Pillichshammer

Theorem (Hinrichs, Markhasin, Oettershagen, U. '15)

Let 1/p < r < 2. Then

Intn(S) oB(T9)) < sup  |Rn(Dp; F)| < N~"(log N){¢~D~1/a)
’ fess ,B(T9)

@ Restriction on the smoothness r < 2 due to the use of the
Faber-Schauder system

e Temlyakov 1986: QMC on Korobov lattice, 1/2 < r <1

|NtN(52r,OOB(Td)) < N~ "(log N)(dfl)(r+1/2)
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Integration nodes

Digital net, d = 2, N = 256
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Integration nodes

Digital net, d = 2, N = 256

Sparse grid, d = 2, N = 321
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Faber = [ Haar

5
—~
~
N—r
NI <
—
x
N—r

v(x)=J; h(t) dt X

N[
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The Faber basis
@ Univariate Faber basis {x,1 — x, vj x : j € Ng, k € D;}, decomposition
of f € C(/) into
oo 21

f(x) = f(0) - (1 — x) + (1) xfézz A2 F(27TK) vk

j=0 k=0

Vik+1

7= VA AT
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The Faber basis

@ Univariate Faber basis {x,1 — x, vj x : j € Ng, k € D;}, decomposition
of f € C(/) into

oo Y-1

1 .
F(x) = F(0) - (1—x)+F(1) x— 5 z; ;)(Ag,.lf(z Tk)Vj
J: =
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Integration error

|Rn(f)]
_ szx, / ()dx’
Xi€Hn
1

S PDIPITLGIDICHOED D I HGY LY

JjEN?Z | meD; X;i€Hn JjENZ meD;
=33 dulfgiml. (1)

jeN{I meD;
where

1 .
Cjm = m Z vj,m(xi) /T2 vim(x)dx , jé€ N2_1,m eD.

Xi€Hn
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Integration error

|Rn(f)]
_ szx, / ()dx’
Xi€Hn
1

S PDIPITLGIDICHOED D I HGY LY

JjEN?Z | meD; X;i€Hn JjENZ meD;
=33 dulfgiml. (1)

jeN{I meD;
where

1 .
Cjm = m Z vj,m(xi) /T2 vim(x)dx , jé€ N2_1,m eD.

Xi€Hn

Gom = 2V12(Dyy b )|, jEN2 me D;
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Cubature on sparse grids

@ Minimal worst case error

Inty(Fg) := inf sup [I(f) — An(Xw, )]

XN AN FeF,

o Let N =#S,,. Consider now the quantity

SmoIN(Fd) =i
AN feFy
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Cubature on sparse grids

@ Minimal worst case error

Inty(Fg) := inf sup [I(f) — An(Xw, )]

XN AN FeF,

o Let N =#S,,. Consider now the quantity

Smoln(Fy) := inf sup |[I(f) — An(Sm, )|
Av feF,

Theorem (Dinh Diing, U. '13, Temlyakov '90, '15)

Letd>2,1<p,gq<oo,r>1/p. Then

SmOIN(S;;,qB(Td))xN_’(bg N)(d—l)(r+1—1/q)
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Cubature on sparse grids

@ Minimal worst case error

IntN(Fd) ‘= inf sup |/(f) — /\N(XN, f)|

XN AN FeF,

o Let N =#S,,. Consider now the quantity

Smoln(Fy) := inf sup |[I(f) — An(Sm, )|
Av feF,

Theorem (Dinh Diing, U. '13, Temlyakov '90, '15)

Letd>2,1<p,gq<oo,r>1/p. Then

SmOIN(S;;,qB(Td))xN_’UOg N)(d—l)(r+1—1/q)

@ Recall: optimal rate
Intn(S) 4B) =< N~"(log N)(@-1E-1/a)

@ However, no restriction on the smoothness!
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Frolov's method (1976)
o Frolov 1976

Let T € R9%9 be a “suitable” matrix with det T =1
neN

X, = n"Y4T(29) N 0,1)¢
e f continuous and supp f C [0, l]d
1
Q(F) =1 3 ()
x€Xp
1X,| < n+ O((log n)91)

Poisson summation formula, f continuous, supp f C [0, l]d

det T Y f(Tk)= >  Ff(Bk)

kezd kezd
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Frolov points

Image of the /s -ball

=

<

-1 -0.5 0 0.5
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Frolov “sees” higher regularity

Theorem (Dubinin' 97, M. Ullrich, T. U. '15)

Q Letl<p<oocandr>1/p

Intn(Sp,qB) = . S;rPB |Rn(Xp; F)] = N™"(log N)(d—1)(~1/a)

p,q

Q@ Letl < p<ooundr>max{l/p,1/2}. Then

Intn(SpW) = sup |Ry(Xpi f)| = N~ (log N)\9~1)/2
19%%

fes;

e Optimal: asymptotical order (among all cubature formulas)
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Frolov “sees” higher regularity

Theorem (Dubinin' 97, M. Ullrich, T. U. '15)

Q Letl<p<oocandr>1/p

Intn(Sp,qB) = . S;rPB |Rn(Xp; F)] = N™"(log N)(d—1)(~1/a)

p,q

Q@ Letl < p<ooundr>max{l/p,1/2}. Then

Intn(SpW) = sup |Ry(Xpi f)| = N~ (log N)\9~1)/2
19%%

fes;

e Optimal: asymptotical order (among all cubature formulas)

o Simple: rescaling by n
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Q Letl<p<oocandr>1/p

Intn(Sp,qB) = . S;pr |Rn(Xp; F)] = N™"(log N)(d—1)(~1/a)

p,q

Q@ Letl < p<ooundr>max{l/p,1/2}. Then

Intn(SpW) = sup |Ry(Xpi f)| = N~ (log N)\9~1)/2
19%%

fes;

e Optimal: asymptotical order (among all cubature formulas)
o Simple: rescaling by n
@ Method of proof = results for Triebel-Lizorkin spaces
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Numerical results d =2, r =2,3

Dimension d = 2 and smoothness r = 2 Dimension d = 2 and smoothness = 3
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Numerical results d =4, r =2,3
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Dimension d = 4

and smoothness r =

Dimension d = 4 and smoothness r = 3
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Historical comments

1972 Bakhvalov, lower bounds for Inty (S . B)

1976 Frolov, upper bound Inty(S55 W)l<p<oo

1985 Bykowski, upper bound Inty(S;W), r € N (change of variable)
1990 Temlyakov, upper bound Inty(S;W), r > 1,2 < p < oo

1992 Dubinin upper bound Inty(S] ,B) for r > 1/p, 1 < p < o0
1994 Skriganov, upper bound IntN(SFS W), reN l<p<oo

1997 Dubinin, upper bound Intn(S; ,B) for r > 1/p, 1 < p,q < o0

2013 Hinrichs, Markhasin, upper bound Inty(S] ,B) and Intn(Sy o F),
r<1 r>max{1l/p,1/q}

e 6 6 6 o o o
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Small smoothness?

Q Letl< p<ooundr>max{1l/p,1/2}. Then

IntN(S,; W) = fGS;lrpW ’RN(Xn; f)‘ — /Vfr(log N)(d,]_)/z
P

Tino Ullrich (Hausdorff-Zentrum, Uni Bonn) Haar Projection Numbers Tsaghkadzor, September 2015 32/35



Small smoothness?

Q Letl< p<ooundr>max{1l/p,1/2}. Then

IntN(S; W) = fGS;lrpW ’RN(Xn; f)‘ — Nfr(log N)(d,]_)/z
P

@ Temlyakov 1991: The Fibonacci cubature formulas for bivariate
periodic functions show an interesting asymptotic behavior in S;W if
2<p<oandl/p<r<1/2
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The tensor Haar basis in spaces with mixed derivative

Theorem (Seeger, U. '15)

Let 1 < p < oc. The tensor Haar system {hj i} jene ieze is an
unconditional basis in S; W(R) if and only if

{1 1 1}< < mi {1 1}
max 4 — — == r ming —, - ¢ .
p 2 p’2

Nl =
|

N[
|

-1

Figure: Haar basis for Sobolev
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Figure: Haar basis for Sobolev Figure: Haar basis for Besov

Tino Ullrich (Hausdorff-Zentrum, Uni Bonn) Haar Projection Numbers Tsaghkadzor, September 2015 31/35



The tensor Faber basis in spaces with mixed derivative

Theorem (Byrenheid, Seeger, U. '15)

Let 1 < p < oo. The Faber system {vj};cne iezs is an unconditional
basis in S, W(R) if and only if

11 . 13
max{7,7}<r<m|n{1+—,—}.
2'p p 2

r r
2 2
3 3
2 2
1 + 1 +
1| 1
2 |= 2

v 1 v 1

17 1
Figure: Faber basis for Sobolev Figure: Faber basis for Besov
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Range of small smoothness

Theorem (Byrenheid, Seeger, U. '15)

Let 1 < p < oo. The Faber system {vj};cne iezs is an unconditional
basis in S, W(R) if and only if

11 . 13
max{7,7}<r<m|n{1+—,—}.
2'p p 2

r r
2 2
3 3
2 2
1 + 1 +
1] 1
2 2

v 1 v 1

17 1
Figure: Small smoothness Figure: Faber basis for Besov
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Integration for small Sobolev smoothness

Theorem (M. Ullrich., T. U. '15)

Let 1 < p < oo andr >1/p. For the Sobolev spaces S;W it holds in the
cases

Q@p>21/p<r<l/2:

sup |Ry(Xp; F)] < N~ (log N)d—D(E=1)
fespw

@p>2 r=1/2

sup |Rn(Xp: F)| < N"(log N) =72, /loglog N
fesiw

@ Work in progress: optimality for Frolov's method

@ Optimality for general cubature formulas is open!
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Thank you for your attention!
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